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Abstract 



Given a prime p, a group is called residually p if the intersection of its p- 
power index normal subgroups is trivial. A group is called virtually residually p if 
it has a finite index subgroup which is residually p. It is well-known that finitely 
generated linear groups over fields of characteristic zero are virtually residually p 
for all but finitely many p. In particular, fundamental groups of hyperbolic 3- 
manifolds are virtually residually p. It is also well-known that fundamental groups 
of 3-manifolds are residually finite. In this paper we prove a common generalization 
of these results: every 3-manifold group is virtually residually p for all but finitely 
many p. This gives evidence for the conjecture (Thurston) that fundamental groups 
of 3-manifolds are linear groups. 
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Introduction 



The main result 

Let p be a prime. In tliis paper, by a p-group we mean a finite group whose order is a 
power of p. Recall that every p-group is nilpotent, and in particular solvable. Given 
a property *p of groups, a group G is called residually *p if for every g € G with 
g ^ 1 there exists a morphism <f>: G ^ H onto a group H enjoying property *p such 
that (/)((7) 7^ 1. For example, a group G being residually a p-group (residually p, for 
short) simply means that the intersection of all p-powcr index normal subgroups 
of G is trivial. Being residually p is a very strong property: e.g., every finite 
subgroup of a residually p group is a p-group, and every non-abelian subgroup of a 
residually p group has a quotient isomorphic to Fp x Fp. Free groups and finitely 
generated torsion free nilpotent groups are well-known to be residually p for all p. 

In this paper we study 3-manifold groups (i.e., groups which are fundamental 
groups of 3-manifolds). Throughout this paper we assume that the manifolds are 
connected and compact, but unless otherwise stated, we make no assumptions on 
orientability or on the type of boundary. Compactness is not a serious restriction: 
every finitely generated group which is the fundamental group of a non-compact 
3-manifold also appears as the fundamental group of a compact 3-manifold (and 
hence is finitely presentable), cf. [RS90, Sc73j . It is well-known that every finitely 
presentable group can be realized as the fundamental group of a compact, closed, 
connected, smooth manifold of dimension 4 (or higher). However, there are severe 
restrictions on which groups may occur as fundamental groups of 3-dimensional 
manifolds; for example, it is well-known that every 3-manifold group is residually 
finite. (This was first shown for Haken manifolds |Th82l IHem87] , and since Perel- 
man's proof of the Geometrization Conjecture, the proof now extends to include 
all 3-manifolds.) Residual finiteness of 3-manifold groups leads to easy proofs for 
the decidability of the word problem in 3-manifold groups, and for the decidability 
of knot triviality. In general, however, 3-manifold groups tend to be far from being 
residually p or even just being residually finite solvable. Indeed, let _ftr C S''^ be a 
knot and G ~ iii{S^ \ vK). where vK is a tubular neighborhood of K in . It 
follows from Dehn's Lemma that G = Z if and only if K is the trivial knot. But it 
is a consequence of Stallings' theorem |St65[ Theorem 3.4] that any map from G 
to a nilpotent group necessarily factors through the abelianization G/[G,G] = Z. 
Furthermore, if K is a knot with trivial Alexander polynomial, then in fact any 
map from G to a solvable group necessarily factors through Z. 

The purpose of this paper is to show that virtually the picture is very different. 
One says that a group G is virtually if there exists a finite index subgroup of G 
which is *p. (Subgroups of residually p groups are again residually p, so virtually 
residually p is equivalent to residually p-by-finite.) We call a finitely generated 
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group linear if it admits an embedding into GL(7i, A') for some n and some field K 
of characteristic zero (which may always chosen tohe K = C). Many linear groups 
are not residually solvable (for example, SL(ri, Z) for n > 2, since these groups 
are perfect). On the other hand, it is well-known that linear groups are, for all 
but finitely many p, virtually residually p; see, e.g., |Weh73l Theorem 4.7 (i)] or 
|LSe03| Window 7, Proposition 9]. (This is essentially due to Mal'cev [Mal40j : 
however, he only showed the weaker statement that linear groups are residually 
finite.) Therefore, each 3-manifold group which is linear is virtually residually p for 
all but finitely many p. As is well-known, the fundamental group of each hyperbolic 
3-manifold and of each Seifert fibered manifold is linear (cf. Sections 14. 3. II and 14. 3. 31 
below), but it is not known whether this is true for all 3-manifold groups. 

Our main result now is the following. 

Theorem. Let N be a 3-manifold. Then for all but finitely many primes p the 
group TTi(N) is virtually residually p. 

Our proof of this theorem is substantially more involved than the proof of 
residual finiteness in |Hem87| . Indeed, in order to show that the fundamental 
group G = TTi{N) of a given 3-manifold is residually finite, one first easily re- 
duces to the case that N is closed, orientable and prime. Then admits a JSJ 
decomposition, hence may be viewed as the topological realization of a finite graph 
of based CW-complexes whose vertex spaces A^^ are either Seifert fibered or hy- 
perbolic 3-mamfolds, and whose edge spaces A"e are tori. By virtue of the Seifert- 
van Kampen Theorem, this gives rise to a description of G as the fundamental 
group T^i{G) of a (finite) graph of groups Q whose vertex groups Gy = ni^Ny) 
arc linear groups, and whose edge groups Ge ~ TTi(Ne) are free abelian of rank 2. 
(Sec Section [1.21 below for a definition of a graph of groups.) As remarked, finitely 
generated linear groups arc residually finite (in fact, virtually residually p for all 
but finitely many p). So one may assume that the JSJ decomposition of A^ is 
non-trivial. Let now g €z G, g ^ 1. By choosing suitable filtrations of the vertex 
groups Gy, one then constructs a group morphism (f>: G ^ G where G = T^iiG) 
is the fundamental group of a graph Q of finite groups (with the same underlying 
graph as G), such that 4>{9) 7^ 1- It simply remains to prove that such a graph 
of finite groups has residually finite fundamental group [HemSTl proof of Theo- 
rem 3.1]. (For the special cases of amalgamated products or HNN extensions, this 
was known much earlier |Ba63l IBT781 ICo77j .) In contrast to this, amalgamated 
products and HNN extensions of p-groups, although always residually finite, are 
rarely residually p Hig64^ IMo07j , making it necessary to deviate from the flow of 
the argument in [HemST] for the proof of our main theorem. Another subtle difh- 
culty is posed by the fact that for an infinite group G, the intersection of all p-power 
index subgroups of G being trivial docs not guarantee that the intersection of all 
p-power index normal subgroups of G is trivial (i.e., that G is residually p): It is 
easy to see that for every fibered 3-manifold A^ the intersection of all p-power index 
subgroups of the fundamental group G of A^ is trivial (cf. Proposition I4.35| ): but 
there are fibered 3-manifolds which arc not residually nilpotent (e.g., as mentioned 
above, the fundamental group of a non-trivial fibered knot complement). 

We outline the overall strategy of our proof after discussing a few applications, 
and some commonalities between 3-manifold groups and linear groups. 
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Applications 

Our theorem may be used to significantly simplify the proof jFVllbj that twisted 
Alexander polynomials detect fibered knots. More precisely, our main theorem re- 
places the ad hoc argument given in Sections 5 and 6 of |FVllb) . This is explained 
in detail in jFVlla] . Here, we restrict ourselves to discussing two more immediate 
applications. 

First, combining the theorem above with the fact (proved in |Lu80| ) that the 
automorphism group of every finitely generated virtually residually p group is also 
virtually residually p, we obtain: 

Corollary 1. The automorphism group Aut(G') of every S-manifold group G 
is virtually residually p for all but finitely many p, and hence virtually torsion free. 
Therefore, every torsion subgroup of Aut{G) is finite, and there is an upper bound 
on the orders of the finite subgroups o/ Aut(G). 

This corollary complements |Koj84| where it was shown that if A is a Hakcn 
3-manifold which is not Seifert fibered, then there is an upper bound on the orders 
of the finite subgroups of the group Out(G) of outer automorphisms of G = 7ri(A). 
However, since not every finite subgroup of Out(G) lifts to a finite subgroup 
of Aut(G) (see |Zi05| ). this result is not immediately subsumed by Corollary 1. It 
seems not to be known whether the group of outer automorphisms of a 3-manifold 
group is virtually residually p. 

Corollary 2. Suppose N is a closed aspherical 3-manifold. Then there is a 
bound on the size of finite groups of self-homeomorphisms of N having a common 
fixed point. 

This follows immediately from Corollary 1 and the fact that under the assump- 
tions made here, for every effective action of a finite group F on A with a fixed 
point, the natural morphism F Aut(7ri(A)) is injective, cf. jCR72| . (Questions 
similar to the one addressed in Corollary 2 are posed in Kirby's list |Ki93| . see 
Problem 3.39.) 

Properties of linear groups and 3-manifold groups 

The main theorem of this paper stated above can also been seen as further evi- 
dence to the conjecture (due to Thurston) that 3-manifold groups are linear. (This 
is Problem 3.33 (A) in |Ki93| .) It is known that every linear group G has the fol- 
lowing group-theoretic properties. (Recall from above that in our parlance, "linear" 
includes the condition of being finitely generated.) 

(1) G is virtually residually p for all but finitely many primes p (in particular, 
G is residually finite and virtually torsion free). 

(2) G is either virtually solvable of finite rank (hence has polynomial subgroup 
growth) or the subgroup growth of G is at least of type 2^'°^") /log log", 

(3) G satisfies the Tits alternative: either G is virtually solvable or G contains 
a non-abelian free group. 

(4) G satisfies the Lubotzky alternative: either G is virtually solvable, or 
G has "large finite quotients." (See |LSe03| Window 9] for a precise 
statement.) 
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(5) G has property v. if K is a non-nilpotent normal subgroup (not necessarily 
finitely generated) of G, then there is a normal subgroup i of G such that 
L < K and K/L is finite and non-nilpotcnt. 

We refer to jTi72j . jWeh73j and jLSe03[ Windows 7 and 9] for proofs of statements 
(l)-(5) above. Property v was isolated and studied in |BR91] . Examples for groups 
with property v (besides all linear groups) include all polycyclic-by-finite groups. 
This class of groups is of interest since for a finitely presented group with property z/, 
one can algorithmically decide whether a given finitely generated normal subgroup is 
nilpotcnt. Moreover, every group G with property v is an FGH ('Frattini-Gaschiitz- 
Hair) group in the sense of [Len73j . meaning that various important characteristic 
subgroups of G (among them the Fitting subgroup of G and the Hirsch-Plotkin 
radical of G) agree and are nilpotent. 

It is a consequence of the proof of the Geometrization Conjecture and the work 
of various authors that statements (l)-(4) also hold for all 3-manifold groups G: 
Property (1) is our main theorem. (Virtual torsion freeness also follows from the 
fact that irreducible 3-manifolds with infinite fundamental group G are Eilenberg- 
Mac Lane spaces of type K{G, 1).) Property (1) also yields property (2) by |LSe03[ 
Theorem 8.3]. However, a stronger estimate is proved in |Lac09| Theorem 1.1]: if G 
is a 3-manifold group which is not virtually solvable, then the subgroup growth of G 
is at least of type 2"/v^i°8^i°si°s". The fact that (3) holds for 3-manifold groups is 
well-known to the experts. It is also known (and implicit in [FVllcl Theorem 4.1]) 
that every 3-manifold group G satisfies a 'weak Lubotzky alternative': either G is 
virtually solvable or vhi{G,¥p) ~ oo for every prime p. Here, given a ring R the 
virtual first i?-Betti number vbi{G, R) of a group G is the defined as the supremum 
(possibly oo) of all first i?-Betti numbers of normal, finite index subgroups of G. 
(The weak Lubotzky alternative for linear groups is a consequence of the Lubotzky 
alternative, cf. |Lac09[ Theorem 1.3].) Property (5) appears not to be known for 
arbitrary 3-manifold groups; in a future publication we plan address this issue. 

In |Lu88| . Lubotzky gave a group-theoretic characterization of linear groups 
among finitely generated virtually residually p groups, and it is tempting to employ 
it in combination with the methods in the present paper to prove the linearity of 
3-manifold groups. However, in general it seems to be difficult to verify that a 
given group satisfies this criterion. (For some rare cases where this has been done 
successfully see [CCLPj ITa93j .) 

Outline of the proof strategy 

Let TV be a 3-manifold. In order to show that the finitely presentable group G = 
7ri(A^) is virtually residually p for all but finitely many p, we proceed in five steps. 

Step 1. First reductions. We first show that it suffices to consider only 
3-manifolds which are closed, orientable and prime. Suppose N satisfies these re- 
quirements. Then N admits a JSJ decomposition, so G = tti{G) for a graph of 
groups G whose vertex groups Gy = 7ri(7V„) are fundamental groups of hyper- 
bolic or Scifert fibered 3-manifolds (and hence are linear groups), and whose edge 
groups Ge = TTi{Ne) are free abelian of rank 2. (Below we identify the fundamental 
group Ge of every boundary torus Ne of a JSJ component Ny of N with a sub- 
group of Gt, = 7ri(7V„) in the natural way.) Since finitely generated linear groups 
are virtually residually p for all but finitely many p, we may assume from now on 
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that the JSJ decomposition of N is non-trivial. We say that N is Seifert simple 
if every Seifert fibered component in its JSJ decomposition is of the form x F 
for some orientable surface F which is either closed or has at least two boundary 
components. After passing to a finite cover of we can further assume that N is 
Seifert simple. (This step of the proof is analogous to the first part of the proof of 
residual finiteness in |Hem87] .) 

Step 2. Existence of suitable filtrations. Next, we show that with the ex- 
ception of finitely many primes p, after passing to another finite cover of N, we can 
construct what we call a complete boundary compatible p- filtration Gy = {G'^,n}n>i 
on each vertex group Gy ~ T:i{Ny). This is a descending sequence of normal sub- 
groups Gy^n of Gy — Gv,i such that Gy,n/Gv,n+i is an elementary abelian p-group, 
which exhausts Gy (i.e., Hn^"," ~ subject to further conditions, which we 
refrain from spelling out completely here (see Chapter 2] for the precise definition) ; 
for example, we require that Gy separates the fundamental group G^ = tti^N^) of 
every boundary torus of Ny (i.e., for each g G Gy\Ge there is some n > 1 
with g ^ Gy_n ■ Ge), and that it intersects to the lower central p-filtration of Ge 
(i.e., Gf = Gy^n n Ge for all n > 1). The construction of these filtrations is 
inspired by the proof of the fact that linear groups are virtually residually p for 
all but finitely many p, but needs further ingredients: a localization theorem for 
finitely generated integral domains (which we prove by using a combination of ele- 
mentary commutative algebra and model theory) and some facts about congruence 
subgroups. From now on until the end of this discussion we assume that on each 
Gy we are given such a complete boundary compatible p-filtration Gy. (In some 
cases, e.g., for graph manifolds, we can arrange for the lower central p-filtration 
^^{Gy) = {7^(Gi,)}„>i of Gy to be a complete boundary compatible p-filtration.) 

Step 3. Residual properties of fundamental groups of graphs of 
groups. A general criterion for the fundamental group of a graph of groups to 
be residually p (Proposition 13. 7|) reduces our task to showing that for all n > 1, 
the graph of groups Qn , obtained by replacing each vertex group Gy and each edge 
group Ge by their (p-power) quotients Gy/Gy^n respectively Ge/G^ , has residu- 
ally p fundamental group. The case n = 2 plays an important role. If Gy = jP{Gy) 
for each vertex v, then Q2 is the "mod p homology graph of C/" : its vertex and edge 
groups are the first homology groups with Fp-coefficients Hi{Gy;¥p) = Gi,/7f (Gt,) 
and i7i(Ge; Fp) = Fp Fp of the vertex respectively edge groups of Q. 

Step 4. Reduction to 02- Let T be a maximal subtree of the graph under- 
lying the graph of groups G- The fundamental group 7ri(C/2) of Q2 can be described 
as an iterated HNN extension of the fundamental group 7ri(C/2|T) of the restric- 
tion G2\T of G2 to T. Replacing Tri{Q2\T) in this iterated HNN extension by the 
fiber sum I] = S(C/2 |T) (colimit in the category of abelian groups) of the tree t/2 |r of 
elementary abelian p-groups, we obtain a "partial abelianization" of 7ri(C/2) along T, 
which we denote by ttJ {Q2, T). In this step we show that, possibly excluding finitely 
many more primes, if 7r^(C/2,T') is residually p, then all the fundamental groups of 
the quotient graphs Qn are residually p (and hence G = tti {N) is residually p by 
Step 3); cf. Theorem 13.251 This requires two main ingredients: an amalgama- 
tion theorem for filtered p-groups (Theorem 12. ip which sharpens a result of Hig- 
man |Hig64| , the proof of which requires some facts about wreath products and 
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group rings; and analogous criteria for iterated HNN extensions of p-groups to be 
residually p (Corollarv l2.14p . related to work of Chatzidakis |Cha94| . 

Step 5. Unfolding a graph of groups. A sufficient condition for itI{Q2iT) 
to be residually p is the existence of a group morphism iti{Q2,T) P io a finite 
abelian p-group P which is injective on each vertex groups of Q2. Hence, in order to 
finish the proof, we show that after passing to a suitable finite cover of N , we can 
achieve exactly this. Now, the identification morphisms between the fundamental 
groups of boundary tori yield a collection of isomorphisms ipe between subgroups 
of S which provide obstructions to the existence of such a morphism. Extending 
each to an automorphism of S yields a morphism if): tti{Q) — > Aut(I]) which 
is trivial on each vertex group oi Q. To obtain the desired finite cover of iV, we 
introduce a construction, which we call the unfolding of Q along ip, which produces 
a morphism of graphs of groups (j): Q ^ Q and complete boundary compatible p- 
filtrations on the vertex groups of Q (which give rise to the associated quotient graph 
of elementary abelian p-groups Q2) such that the induced morphism 0* : 7ri(CJ) — > 
T^i^Q) is injective with image Ker(i/'), and such that for some maximal subtree T 
of the underlying graph of C/, we do have a morphism tti (C/2, T) — > S to a p-group 
which is injective on the vertex groups of Q2 as required. 

A more general theorem? 

ft is legitimate to wonder whether our main theorem is but the echo of a more 
general fact. For example, one may ask: Is every finitely presented residually finite 
torsion free group, for all but finitely many p, virtually residually p? If we replace 
"finitely presented" by "finitely generated" and drop the condition "torsion free," 
then the answer to this question is "no" : if G is a group which is virtually residu- 
ally p for two distinct primes p, then G is virtually torsion free; however, for every 
prime p there are examples of p-torsion groups which are infinite, finitely generated, 
and residually finite, constructed by Golod jGo64| . (On the other hand, it seems 
to be unknown whether there exist infinite finitely presented periodic groups.) If 
we replace "finitely presented" by "finitely generated," then the answer is also neg- 
ative: It is a well-known theorem of Grigorchuk |Gri89j (see also jDdSMS99[ 
Interlude E]) that if G is a finitely generated residually p group which has word 
growth -< e^, then G is virtually nilpotent (and hence has polynomial growth). 
Grigorchuk |GM93l IGri85| also constructed a finitely generated residually finite 
torsion free group T whose word growth is intermediate (i.e., between polynomial 
and exponential) and which is therefore not virtually residually p for any p. (For a 
while, the question whether every finitely generated group of intermediate growth 
is residually finite was open |dlHOO| VI. 64], but this turned out to be false |Er04j .) 

We also note that it might be difficult to find a 3-manifold N for which the set 
of exceptional primes in our main theorem is non-empty: it has been conjectured 
(by Thurston) that every irreducible 3-manifold which is not a graph manifold has 
a finite cover which is fibered; on the other hand, our techniques easily yield; 

Proposition I. Let N be a fibered 3-manifold. Then for every prime p the 
group '!Ti{N) is virtually residually p. 

Topics of this kind are also discussed, employing other arguments, in [Kobll] , 
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Graph manifolds 

The method for proving residual properties of 3-manifold groups introduced in this 
paper is quite flexible. For example, it yields the following improvement of our 
main theorem for graph manifolds: 

Proposition 2. Let N be a graph manifold. Then for every prime p the group 
TTi{N) is virtually residually p. 

In jPS99j . Perron and Shalen introduce the notion of a 'weakly residually 
p-nilpotent' group, and show that all graph manifold groups have a finite index 
subgroup which is weakly residually p-nilpotent for every p |PS99[ Proposition 0.3]. 
However, the proof for that claim has a gap |PS991 p. 36]: in fact, one may show 
that a group is weakly residually p-nilpotent if and only if it is residually p, and 
if iV is a Sol-manifold, then tti (N) does not have a finite index subgroup which is 
residually p for every p. These matters will be discussed further in |AF11] . 

Proposition 2 may be refined to show that virtually, the pro-p topology on 
the fundamental group of a graph manifold interacts well with the structure 
of the graph of groups arising from the JSJ decomposition of N. To make this 
precise, suppose we are interested in a property ^ of groups. The pro-*P topology 
on a group G is the group topology with fundamental system of neighborhoods of 
the identity given by the normal subgroups H < G such that G/H is a *P-group. 
Inspired by a notion introduced in [WilsZ a98] . we say that a 3-manifold N is 
"^-efficient if N is closed prime orientable (so the JSJ decomposition of N exists), 
its fundamental group G = 7ri(iV) is residually *P, and for each JSJ component 
of N and each component TVe of the boundary of Ny , the fundamental groups = 
T^iiNy) and Ge — 7ri(iVe), identified with subgroups of G in the natural way, the 
following conditions hold: 

(1) Gv and Ge are closed in the pro-*p topology on G; 

(2) the pro-*P topology on G induces the pro-'P topology on G„ and on Ge- 

Wilton and Zalesskii |WiltZalO| showed that all closed prime orientable 3-mani- 
folds are CP-efficient, for *p the property of being finite. We show: 

Proposition 3. Let N be a closed graph manifold. Then for every p, N has 
a finite cover which is p-efficient. 

It seems plausible that this result might play the same role in studying the (vir- 
tual) conjugacy p-separability of graph manifold groups as finite efiiciency does in 
the proof of their conjugacy separability, which was also established in jWiltZalOj . 
We do not pursue this issue further in the present paper; however, we note that 
Proposition 3 also implies that virtually, the fundamental group of a closed graph 
manifold group and its pro-p completion have the same mod p cohomology in a 
certain sense, explained in Section [5.21 

We do not know whether every closed prime 3-manifold is, for all but finitely 
many p (or even just for infinitely many p), virtually p-efficient. This question 
will be discussed further in Section 15.31 We note here that if iV is a p-efficient 3- 
manifold with fundamental group G, then condition (2) of p-efRciency implies that 
there exists some n such that for every JSJ component Ny of N with fundamental 
group Gv (identified in the natural way with a subgroup of G), we have 72(Gt,) > 
Gv n 7^ (G) . As an indication that every closed prime 3-manifold might indeed be 
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virtually p-efficieiit for all but finitely many p, we show that we can achieve this 
condition on 72 in a finite cover. In fact, we may take n = 2, and so our result may 
be phrased as a statement about the mod p homology of finite covers of 3-manifolds 
as follows: 

Proposition 4. Every closed prime S-manifold N has, for all but finitely 
many p, a finite cover N such that for every JSJ component Ny of N , the nat- 
ural morphism Hi(Ny;¥p) — > Hi(N;¥p) is infective. 

Guide for the reader 

As should be apparent from the outline of the strategy given above, the proof of 
the main result of this paper involves going through several technical prerequisites; 
some of those can be assumed as black boxes in a first reading. We recommend 
that the reader should first only skim the preliminary Chapter [TJ and take the main 
results of Chapter [2] for granted before immediately moving to Chapters [3] and IH 
which contain the essence of Steps 3-5 in the proof strategy indicated above. The 
various subsections labeled "digression" may also be skipped upon a first reading 
of the paper. In the final Chapter [5] we give proofs of Propositions 2-4 from above. 

Conventions and notations 

Throughout this paper, m, n range over the set N = {0, 1, 2, . . . } of natural num- 
bers. Unless otherwise noted, p denotes a prime number. By a p-group we mean a 
finite group whose order is a power of p. 
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CHAPTER 1 



Preliminaries 

1.1. Filtrations of groups 

We begin by introducing basic terminology and fundamental facts concerning fil- 
trations of groups. Facts stated without proof or reference are standard; for more 
information on filtrations (in particular the connection to Lie algebras, not explic- 
itly exploited here), see |BL94] . Throughout this section we let G be a group. 

1.1.1. Filtrations. We call a descending sequence 

G > Gi > G2 > • • • > G„ > G„+i > • • • 

of subgroups of G a filtration of G. We say that a filtration G = {G„} as above 
is complete if Gi = G. We call a filtration G of G normal if each subgroup G„ is 
normal in G; in this case, we write L„(G) :~ G„/G„+i for the nth "layer" of G. 

A filtered group is a pair (G, G) where G is a group and G is a filtration 
of G. The class of filtered groups are the objects of a category, where a morphism 
of filtered groups (G, G) — ?> {H,H) is a group morphism (p: G —?' H such that 
(p^^{Hn) — Gn for all n. Note that if (p: (G, G) — > {H, H) is a morphism between 
normal filtered groups, then for each n, induces an injective group morphism 
Ln{ip): Ln{G) — >■ Ln{H). The category of filtered groups has direct products: if 
G ~ {Gn} and H ~ {Hn} are filtrations of G respectively H, then G x H = 
{Gn X Hn} is a filtration of G x H (the product of the filtrations G and H). If 
both G and H are normal, then so is G x with Ln{G x H) = L„(G) x Ln{H) 
for all 71. 

Let G = {G,i} be a filtration of G, and let A' < G. We call the filtration 
GDK := {Gn<^K} of if the intersection of G with K. If K = {Kn} is a filtration 
of a subgroup of G with GDK = , or equivalently, if the natural inclusion K G 
is a morphism of filtered groups {K, K) — > (G, G) , then we say that G intersects 
to K on K. 

We say that filtrations G = {Gn} and G* = {G* } of G are equivalent if 

{G„ : 71 > 1} = {G; : n > 1}; 

notation: G ^ G* . Clearly ~ is an equivalence relation on filtrations of G. We say 
that G induces a filtration K on a subgroup K of G if GO K ^ K. The following 
is obvious: 

Lemma 1.1. Let K be a common subgroup of G and another group H. Let G 
be a filtration of G and H be a filtration of H with Gn K ^ H (1 K . ( We say that 
G, H induce the same filtration on K .) Then there are filtrations G* G of G 
and H* ^ H of H with G* f] K ^ H* f] K. 
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Let G = {Gn} and G* = {G*} be filtrations of G. We say that G* re- 
fines G (and G* is called a refinement of G) if there exists a strictly increasing 
map l: N>" ^ N^" such that = 1 and G„ = G*^^^ for aU n > 1. If in addition 

Gn = Gli^,^^ = G*(„)_|_i = . . . = G*(-„^;^-|_i for all 71 > 1, 

then we say that G* stretches G (and G* is called a stretching of G). Note that 
in this case G* ^ G, and the layers of G* are given by 



LrniG* 



^ |it-i(m+i)-i(G) ifm + lelnit 
11 if m + 1 ^ Ini i. 



Given a collection Q of groups, and for each G E G sl filtration G of G and a 
stretching G* of G, we say that the G* (where G ranges over Q) are compatible if t 
can be chosen uniformly for all pairs (G, G*). 

Given n > 0, we say that a filtration G = {G,i} of G has length < n if Gn+i ~ 1; 
the smallest such n is called the length of G, and if no such n exists, then G is said 
to have infinite length. We sometimes write a finite-length filtration of G simply in 
the form 

G > Gi > G2 > ••• > G„ > Gn+i = 1, 
with the understanding that Gm = 1 for all m > n. 

Given a subgroup H of G we say that a filtration G = {G„} of G separates H 
if pljj -ff G„ = -ff , and we simply say that G is separating if it separates the trivial 
subgroup 1 of G. We say that a filtration of G separates a collection of subgroups 
of G if it separates each member. 

Given two filtrations G = {G„} and G* = {G* } of G, we say that G descends 
faster than G* (in symbols: G < G*) if G„ < G* for all n. 

1.1.2. Central filtrations. Let G = {G„} be a complete filtration of G. We 
say that G is a central filtration of G if [G, G„] < G„+i for all n. Every such 
central filtration G of G is automatically normal, and the successive quotients 
Ln{G) = G„/G„+i are central, that is, G„/G„+i < Z{G/Gn+i) for all n. In 
particular, the groups G„/G„+i are abelian, and every refinement of a central 
filtration is central. 

The lower central filtration of G is the fastest descending central filtration 
7(G) = {7«(G)} of G, defined by 

71(G) := G, 7n+i(G) := [G,7„(G)] for n>l. 

The 7n(G) are totally invariant subgroups of G. The first quotient G/y2{G) = 
G/[G, G] is the abelianization Gab = Hi{G;Z) of G. For each n > 1, the commu- 
tator map 

(5n,.9) ^ [9n,g]-- ln{G) X G^ 7„+i(G) 
yields a surjcctive morphism 

(7„(G)/7„+i(G)) ®z Gab ^ 7n+l(G)/7n+2(G). 

Thus if Gab is finitely generated (in particular, if G is finitely generated), then so 
is each quotient 7„(G)/7„+i(G). (See, e.g., |BL941 (4.6)].) 

Given n, there exists a central separating filtration of G of length < n if and 
only if 7„+i(G) — 1; in this case, G is said to be nilpotent of class < n. Moreover, 
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the group G is rcsidually nilpotent if and only if there exists a separating central 
filtration of G, and in this case the lower central filtration of G is separating. 

A strongly central filtration of G is a complete filtration {G„} of G with the 
property that [G„,G,„] < Gn+m for all n and to. (This is called an 'W-series" in 
[Laz54j ■ and sometimes called a "Lazard filtration.") The lower central filtration 
of G is indeed strongly central. 

1.1.3. p-Filtrations. Let G ~ {G„} be a filtration of G. We say that G is 
a p- filtration if {GnY ^ Gn+i for all n > 1. Thus if G is a normal p-filtration 
of G then each non-trivial element of the quotient Ln{G) = Gn/Gn+i has order p. 
A filtration of G equivalent to a p-filtration of G is itself a p-filtration. Similarly, 
the intersection of a p-filtration of G with any subgroup ii' of G is a p-filtration 
of and the product of two p-filtrations is a p-filtration. (All these statements, of 
course, also hold with "central filtration" respectively "strongly central filtration" 
in place of "p- filtration" everywhere.) 

An important role in this paper is played by central p-filtrations; G is a central 
p-filtration of G precisely if 

Gi = G and [G, G„](G„)p < G„+i for aU n>l. 

In this case, each successive quotient Ln{G) has a natural structure of an Fp-linear 
space. The lower central p- filtration "f^{G) = {7^(G)} of G is defined by 

7f(G) G, 7^+i(G) [Gn^JGWniGr for n>l. 

The 7^(G) are totally invariant: if a : G ^ is a group morphism, then a{'yP{G}) < 
jP{H) for all 71 > 1. We have 

G/jP{G) ^ Hi{G;¥p) = H,{G;Z) ®zFp, 

and if G is a p-group, then 7f (G) = [G, G] G^ is the Frattini subgroup of G. The 
lower central p-filtration is the fastest descending central p-filtration of G. It was 
introduced in [Sk50^ ILaz54| . and some of its basic properties are described in 
detail in |HB82|. Chapter VIII] (under the name "A-series"), for example: 

Proposition 1.2. For all m,n > 1; 

(1) [7^(G),7^?(G)] <7^+„(G); 

(2) 7^(G) = 7i(G)^'""72(G)f""' • • • 7„(G). 

For a proof see |HB82| Chapter VIII, Theorem 1.5]. 

Lemma 1.3. Let T < G. Suppose there exists a central p- filtration G — {Gn} 
of G which intersects to the lower central p-filtration on T . Then every central 
p-filtration G* of G with G* < G intersects to the lower central p-filtration of T. 
In particular, the lower central p-filtration of G intersects to the lower central p- 
filtration of T. 

Proof. Suppose G* is a central p-filtration of G with G* < G. Then TC\G* < 
T r\G = -fP{T). On the other hand, T n G* is a central p-fihration of T, hence 
-fP{T)<TnG*. □ 

The following is shown by induction on m (simultaneously for all n); we leave 
the details to the reader. 
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Lemma 1.4. Let G = {Gn} be a central p- filtration of G. Then 

lm{Gn) < Gjn+7i-i for all m,n > 1. 

If there exists a central separating p-filtration of G of length < n, then we 
have 7^-|_i(G) ~ 1, and in this case we say that G has lower p-length < n; the 
smallest such n (if it exists) is the lower p-length of G. So for example, G has lower 
p-length 1 if and only if G is a non-trivial elementary abelian p-group. In general, 
a finite group is a p-group if and only if it has finite lower p-length. A finitely 
generated group G is residually p if and only if there exists a separating central 
p-filtration of G; in this case the lower central p-filtration of G is separating. 

1.1.4. Dimensional p-filtrations. A strongly central filtration {G„} of G 
is called a dimensional p-filtration if (G„)p < G„p for all n > 1. (So every di- 
mensional p-filtration is indeed a p-filtration.) The fastest descending dimensional 
p-filtration {Dn} of G is given by 

= G, Dn = [D^^/p-^ )P Yl [D,,D^] forn > 1. 

i+j=n 

The Dn are called the dimension subgroups of G in characteristic p. If we want to 
stress the dependence of Z3„ on G and p, we write DP{G) ~ Dn- We call {Dn} the 
lower dimensional p-filtration of G. (This is also variously called the Zassenhaus, 
Jennings or Lazard series of G in the literature. Dimensional p-filtrations are called 
'Wp-series" in [Pa77| .) Its length will be called the lower dimensional p-length of 
the group G. Note that the D„ are totally invariant, and clearly Dn > 7n(G) > 
7„(G) for all n > 1. A closed formula for D is due to Lazard (cf. (DdSMS99l 
Theorem 11.2]): 

Dn{G) = Yi ^iC^f' for each n > 1. 

(The groups Dn will only appear in Chapter [2]) 

1.1.5. Chief filtrations. We say that a complete normal finite-length filtra- 
tion G =^ {Gn} of G is a chief filtration of G if each quotient Ln{G) = Gn/Gn+i is 
either trivial or a minimal non-trivial subgroup of G/Gn+i- Every chief filtration 
of G induces a chief filtration on any subgroup of G. The quotients L„(G) in a 
chief filtration of G are called the chief factors of the filtration. Every finite group 
has a chief filtration of finite length. Every normal filtration of finite length of a 
finite group may be refined to a chief filtration of finite length. In particular, if G 
admits a finite-length chief filtration and N is any normal subgroup of G, then one 
can always find a finite-length chief filtration in which N is one of the terms. Every 
chief factor of a finite nilpotent group is central, and every chief factor of a p-group 
has order p. (Hence every chief filtration of a p-group is a central p-filtration.) 

1.1.6. Filtrations and split morphisms. Let A i-^ S(A) be an operation 
which associates to a group A a totally invariant subgroup 5](A) of A, i.e., every 
group morphism A ^ B restricts to a group morphism E(A) — )■ E(i?). Recall that 
a subgroup of G is called a retract of G if the natural inclusion H ^ G left 
splits. Note that if is a free factor of G, i.e., if there exists a subgroup H' of G 
such that G is (isomorphic to) the free product H * H' , then H is a, retract of G. 
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Lemma 1.5. If H < G is a retract of G, then 

T.{H) = Y.{G) n H. 

IfG^BxiH where B <G and H <G, then 

E(G) -:S(i/)(S(G)nS). 

Proof. Let H < G. We have < S(G) n and if 0: G ^ H is a 

morphism which is the identity on H, then Y.{G)nH = 0(S(G)ni7) < This 
shows the first statement. For the second statement, assume G = B x H , where 
7J < G, and let TT : G ^- iJ be the natural morphism. Then 7r(S(G)) < < 
I](G), thus I](G) I](iJ)(I](G) n B) as required. □ 

This lemma applies in particular to the operation S which, for given n > 1, 
yields the nth term in the lower central filtration 7. lower central p- filtration 7^, or 
lower dimensional p-filtration D, respectively. We also note: 

Lemma 1.6. Let H < G be a retract of G, and suppose G is residually p. Then 
7^(G) separates H. 

Proof. Let (j>: G ^ H he a. morphism which is the identity on H. Let g £ 
n„>i 7S(G) ■ H. Let n > 1, and take h€ H with g = h mod Then (j){g) = 

4>{h) mod ^n{H) and hence g = 4){g) mod 7^(G). Since this holds for every n > 1, 
and {~\n>i ln{G) = 1, we obtain g = (f){g) e i? as required. □ 

1.1.7. The layers of the lower central p-filtration. For every n > 1 we 
write i^(G) := Ln{"f^{G)). Recall that each LP^{G) is in a natural way an Fp- 
linear space. If Gab is finitely generated, then each of the layers Ll^iG) is finite 
(cf. [Laz541 Ch. 11]; see also |BL941 §14]). Note that if G is abelian and written 
additively, then -fP{G) = p^-^G and so Lp{G) = p'^-^G/f'G., for aU n. If H 
denotes the abelianization Gab = G/[G, G] of G, with natural morphism it: G H, 
then 7r(7P(G)) = ^n{H) = p'^^^H for every n > 1, and the restriction of tt to 7^(G) 
induces a surjective morphism 

LP(G) = 7,^(G)/7,':+i(G) ^ p-^H/p-H = LP{H), 

which is an isomorphism for n — 1. 

In the rest of this subsection we develop some further basic facts about the 
groups L^(G). The main tool is a precise version of the Hall-Petrescu formula 
[LGMcK021 Theorem 1.1.30]. In the theorem and its corollaries below, we let x, y 
range over G. 

Theorem 1.7. For all m,n > 1, 

{xyT - 2;" [y, x] (?) r„„ mod 7«+i (G) 

where rmn is o, product of powers c^ with c G 7i(G) and e G N is a Z-linear 
combination of (™) , (™) , . . . , (™) , for some i with 3 < i < m. 

This yields a sharpening of [DdSMS99|, Lemma 11.9]: 

Corollary 1.8. Letm > 1. Then 

m 

{xyf^ = y^" [a,,y]2'"-^ mod 72(G)2'"73(G)2'""' n^^^G)'""', 

d=2 



14 



1. PRELIMINARIES 



and if p is odd, then 

ni 

{xyr"" ^ xP"" mod 72 (G')^'" J] 7p4G)^"". 

d=l 

Proof. Wc apply the previous theorem with n ~ p™ — 1 and in place of m. 
If p is odd then (J'^ ) > and hence [yjx]^"^ ) G 72(6)^". For p = 2 note that 
[y,x]^ 2 ) ^ ^ mod72(G)^" since 

It is well-known that if j ~ p'^^ ji where di, S N, ji > not divisible by p, then 
(^^. ) is divisible by p™"''! . Therefore every Z-linear combination of the binomial 

coefficients Ci ) j (^2 ) ' ■ ■ • ' (^i ) divisible by where d = [logp zj . So each of 

the powers in Theorem ll.Tl lies in 7^ (G)^ . Therefore each c*^ lies in 7pd (G)*' , 
since p'^ < i. We might have d ~ 0, but in this case c'^ actually lies in 72 (G)^ , 
since i > 3 and so ^i{GY ^ 72(G)p . Similarly, we have that if p = 2 and d = 1, 
then Ce e 73 (G)^ . Therefore the corollary follows from Theorem 11.71 □ 

Wc note sonic consequences of this corollary: 

Corollary 1.9. Letm > 1. Then 

{xyf"^ = x^"^ y^" [x,yf^^ ' mod 7m+2(G), 

and if p is odd, then 

(xy)"" yf" mod 7^+2 (G). 

Proof. We have 72(G)f'" < 7^+2 (G) as well as 73 (G)^""' < 72^+2 (G) and 
lAGY^'^ < 7p^.+™_,(G) for d = 1, . . . , m. 

If p > 3 and d > 1. or if p = 2 and d > 2, then we have p'^ + m — d > m + 2 and 
thus7pci(G)P — 7m+2(G)- Hence the corollary follows from Corollary 11.81 □ 

If G is abclian (written additively), then Lf^{G) = p'^'''^G /p'^G for every n > 1, 
and multiplication by p on G induces a group morphism L^^iG) — ^ L^_^-^{G). (If in 
addition G does not have p-torsion, then for every n> \, this morphism is actually 
an isomorphism.) More generally, we have: 

Corollary 1.10. Let G — {G„} be a central p-filtration of G, and let n > 1. 
Suppose p > 2 or [G„, G„] < G„+2- Then for every m > 1 the map 

(1.1) 

is a group morphism {whose kernel contains G„+i). 

This follows from Corollarv ll.91 (applied to G„ in place of G) and Lemma [1^41 
For G = 7P(G), the previous corollary shows that unless p = 2, 71 = 1, and 
72(G) ^ 73(G), the map in (|l.ip induces group morphisms 

<i>„,™:Lf,(G)^iP+„(G) (™>1). 

In general, the morphisms ^n,m are not injective. However, we do have: 
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Lemma 1.11. Suppose p > 2, n > 1, or j^{G) > j2{G). Also assume that 
for i = 1, ... ,71 + 1, the group G/^i{G) is p-torsion free {or equivalently, the sec- 
tions 7i(G')/7i+i(G) are p-torsion free for i = l,...,n). Then the group mor- 
phisms ^n,m (w > 1) are injective. 

This lemma is a consequence of the following fact, elucidating the structure of 
the elementary abelian p-groups (G). We set 

r„ :=7«(G)/7„(Gf7„+i(G) 

for n > 1. 

Theorem 1.12. For every n> 1 the map 

Ti X . . . X r„ ^ Lf,(G) = 7^(G)/7^+i(G) 

(gT, • • ■ , ff^T) .91 92 •• -ffn • 7,^+1 (G) 

where gi € "fi{G) and Ifl ~ giji(GY"fi+i{G) , is a surjection, and a group morphism 
unless p is odd and n ~ 1. If for i = 1, . . . ,n + 1, the group G/^i{G) is p-torsion 
free, then this map is also injective. 

For a proof of this theorem see |HB82i Chapter VIII, Theorems 1.8 and 1.9]. 
(Theorem 1.9 of loe. eit. has the more restrictive assumption that G/^iiG) is torsion 
free for i = 1, . . . , n + 1, but inspection of the proof shows that only p-torsion needs 
to be excluded.) Note that this theorem in particular implies that if Gab is finitely 
generated, then for each central p-filtration G of G, all layers L„(G) are finite. 

In the situation of Lemma ll.lli we now have a commutative diagram 
Fi X • • • X r„ ^ Ll{G) 

Fi X • • • X F„ X F„+i X • • • X 

where the top horizontal map is a bijection, and the left vertical map is given by 

(51, • ■ • ,5^) 1-^ (ffi, • ■ • ,5^7 1, ■ • ■ , 1) 
and hence injective. This yields Lemma ll.lll 

Example. Suppose that p is odd or 72(G) < 7|(G). Then for each jti > 1 we 
have a group morphism 

$,„: L?(G) =i/i(G;Fp)^L:;+i(G) 

which is given by 

x7f(G)^.TP'"7f„+2(G). 

If the abehan group Hi{G; Z) = Gab = G/j2{G) does not have p-torsion, then for 
each m > 1, the morphism is injective. 
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1.1.8. p-potent filtrations. Let now G ~ {G„} be an arbitrary central p- 
filtration of G. In Corollary 11.101 we saw that if p is odd or [G, G] < G3, then 
for each n > 1. exponentiation to the power p" on G induces a group morphism 
Li{G) Ln+i{G), and above we gave a criterion, in the case G = ^^{G), for these 
morphisms to be injective. The following definition captures this phenomenon: 

Definition. We say that G is p-potent if for every n > 1, the map 

a; H> a;^ G„+2 : G G„+i/G„+2 

is a group morphism whose kernel equals G2. In this case, we have an induced 
injective group morphism Li[G) — > Ln+i{G), which we denote by $„. 

It will be useful to have terminology for a few variants of this definition avail- 
able: We say that G is strongly p-potent if for every n > 1, the map 

Gn ~^ Gn+l/Gn+2 

is a morphism with kernel G„+i. In this case we have induced injective morphisms 
(f>n- L„{G) — > Ln+i{G). We call G uniformly p-potent if G is strongly p-potent 
and each </>„ > 1) is an isomorphism. We simply say that G is p-potent if 7^(G) is 
p-potent. (Similarly for strongly p-potent respectively uniformly p-potent.) Clearly 
uniformly p-potent => strongly p-potent p-potent. 

Examples. 

(1) If G is abelian p-torsion free, then G is uniformly p-potent. 

(2) Every uniformly powerful pro-p group is (almost by definition) uniformly 
p-potent; see tD dSMS99l Chapter 4]. (This explains our choice of termi- 
nology.) Examples may be obtained by considering the congruence sub- 
groups of GL(o?, Zp). For simplicity assume p is odd, and for each n > 1 
define 

GL"(rf, Zp) := Ker ( GL(d, Zp) ^ GL(<i, Zp/p"Zp)) . 

Then the groups GL"(c?, Zp) form a uniformly p-potent separating filtra- 
tion of the pro-p group G = GL^(d, Zp), and in fact 7^(G) = GL"((i, Zp) 
for every n > 1; see |DdS]V[S99l Theorem 5.2], and also Section KT2\ 
below. 

We say that a central p-filtration G of G has finite rank if there exists an 
integer r such that diniFp L„{G) < r for all n > 1. 

Remarks. 

(1) If G admits a separating strongly p-potent filtration, then G is torsion free. 

(2) If G = {Gn} is a strongly p-potent filtration of G having finite rank, then 
for some to > 1, the filtration {Gm+n-i}n>i of Gm is uniformly p-potent. 

Our chief interest in uniformly p-potent filtrations is in the case of example (1) 
above. For sake of completeness, we note: 

Lemma 1.13. Suppose G is finitely generated. If G admits a separating strongly 
p-potent filtration of finite rank, then G is necessarily linear {overlap). Conversely, 
if G is linear, then for all but finitely many p, some finite index normal subgroup 
of G admits a separating uniformly p-potent filtration. 



1.2. GRAPHS OF GROUPS 



17 



Proof. This is essentially Lubotzky's linearity criterion jLu88| (see also In- 
terlude B in IDdSMSQQ] ): Supp ose G is a separating strongly p-potent filtra- 
tion of finite rank; then G is a p-congrucncc system of finite rank in the sense of 
|DdSMS99l Definition B.2], hence G is linear over Zp by Proposition B.3 of loc. cit. 
Conversely, suppose G is linear. Then for all but finitely many p, the group G ad- 
mits an embedding into GL(c?, Zp) for some d jDdSMS99| Lemma B.4]. Assuming 
now that p is odd and G < GL(d, Zp), the filtration G = {G„} of G given by 
Gn := G n GL" ((i, Zp) is separating and, as filtration of Gi, strongly p-potent of 
finite rank. Now use the preceding Remark (2). □ 

Remark. Every normal filtration G = {G„} of G gives rise to a topology on G 
making G into a topological group with a fundamental system of neighborhoods of 
the identity given by the groups G„. We denote by Gg the associated completion 
of G, that is, the topological group 

Gg ==lmiG/G„. 

We have a natural continuous morphism G — > Gg, which is injective precisely if G 
is separating. If all G„ are of finite index in G, then Gg is a profinite group. In 
particular, if Gab is finitely generated and G = 7^(G), then we obtain the pro-p 
topology on G, and Gg is the pro-p completion of G. The proof of [DdSMS99[ 
Proposition B.3] shows that if G is a strongly p-potent filtration of G having finite 
rank, then Gg is isomorphic (qua topological group) to a p-adic analytic group. 
(This was originally shown in |Laz651 Theoreme 3.1.7].) 

If Gab is p-torsion free, then G is p-potent for all odd primes p (by Corol- 
lary (TTTUl), but not in general for p = 2. However, assuming that both Gab = 
G/72(G) and 72(G) /73(G) are 2-torsion free ensures that G always has a fully 
characteristic subgroup (of 2-power-index if G is finitely generated) carrying a 2- 
potent filtration. More precisely, and more generally: 

Lemma 1.14. Let G* := 7^i(G), where m > 2, and for n > 1 define G* := 
"fn+m-ii^)- Then G* — {G*} is a strongly central p- filtration of G* , and for 
every n> 1, the map x ^-^ xP induces a group morphism L„(G*) — > Lfi+i(G*). // 
G/7„(G) is p-torsion free for n = 1, . . . ,m + 1, then G* is p-potent. If G/7„(G) is 
p-torsion free for every n > 1, then G* is strongly p-potent. 

Proof. It is clear that G* is a strongly central p-filtration of G* (cf. Propo- 
sition [Tl2]). By CoroUarv 11.101 x x^ induces a group morphism Ln{G*) ^■ 
i„+i(G*). The rest follows from Lemma [1.111 □ 

We are mainly interested in this lemma when G is free, in which case G/7„(G) 
actually is torsion free for every n > 1. We note that the assumption that G/-fniG) 
is torsion free for every n > 1 is also satisfied in other interesting situations, e.g., 
for primitive 1-relator groups |Lab70| . such as surface groups, and primitive link 
groups |Lab90| Theorems 2 and 1]. 

1.2. Graphs of groups 

In this section we summarize some basic definitions and facts concerning graphs of 
groups and their fundamental groups. We refer to [B93]. ICo89i [Se80] for missing 
details. 
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1.2.1. Graphs. A graph Y consists of a set = V{Y) of vertices and a set 
E = E{Y) of edges, and two maps E ^ V xV: e (o(e),<(e)) and E ^ E : e t-^ e, 
subject to the following condition: for each e E we have e = e, e 7^ e. and 
o(e) = t(e). Wc call o(e) — t(e) and t{e) = o(e) the origin respectively the terminus 
of e. The edge e is called the inverse edge of e. We call the set {e,e} a topological 
edge of 1". 

Given a graph y as above, a subgraph of Y is a, graph Y' whose vertex and edge 
sets V{Y') and E{Y') are subsets of V respectively E such that o(e),i(e) G V{Y') 
and e G -B(y) for all e e and such that the maps o, t and ~ on Y' are 

the restrictions of the corresponding maps from E to E{Y'). If vq is a vertex of F 
we denote by F \ {vq} the subgraph of Y with vertex set V \ {vq} and edge set 
{e e E : o{e),t{e) ^ vq}. Similarly, if eg G £■ wc denote by 1" \ {eo} the subgraph 
of Y with vertex set V and edge set E \ {eo, eo}. 

Given graphs Y, Y', a morphism (p: Y ^ Y' consists of two maps V{Y) — > 
V{V') and E{Y) — > E{Y'), both also denoted by (f>, with the property that 

(f>{e)=W), 0(o(e)) = o(0(e)), 0(t(e)) = t(0(e)) for all e e 

We say that a morphism Y ^ Y' is an embedding if the corresponding maps 
V{Y) V{Y') and ^ are injective. If F is a subgraph of F', then the 

natural inclusions V(Y) V{Y') and E{Y') form an embedding Y Y' . 

Let y be a graph, and let E denote a subset of the edge set E{Y) of Y which is 
closed under taking inverses. An orientation of £' is a subset Ej^ of E such that E 
is the disjoint union of and Ej^. By an orientation of Y we mean an orientation 
of E{Y^. An oriented graph is a graph together with one of its orientations. Given 
two sets V and £'+ and a map i?+ — > x 1/: e n- (o(e),t(e)) there exists (up to 
isomorphism) a unique graph Y with vertex set V such that is an orientation 
of Y and such that the origin and terminus maps on £'+ are given by and t 
respectively. (The set of edges of Y is the disjoint union E{Y^ = E+ U E+ where 
E+ is a copy of E+.) Note that given graphs Y and Y' and an orientation E^ of Y, 
in order to specify a morphism Y Y' it suffices to give maps V{Y) — >■ V{Y') and 
E+ E{Y'), both here denoted by 0, such that 0(o(e)) = o((/)(e)) and 4>{t{e)) = 
t{(t){e)) for all e(^E+. 

Let P„ denote the graph with vertex set V{Pn) = {0, . . . ,ri} and orientation 
given by S(P„)+ {(0, 1), (1, 2), . . . , (n-l,n)} with o(i,i + l) = + = i + 

A path of length n in the graph Y from a vertex u € 1/ to a vertex w S is a 
morphism p: Pn Y such that p{0) — v and p(?T.) — w. Such a path p is determined 
by the sequence (ei, . . . , e„) of edges = p{i — 1, i) with o(ei) = f , t(ei) = o(ei+i) 
for i ~ — 1, and i(e„) = w; we also write p = (ei,...,e„). A circuit 

of length n in K (where n > 0) is a path c = (ei, . . . , e„) such that the vertices 
t{ei), . . . ,t{en) are pairwise distinct, and t(e„) = o(ei). A tree is a graph which is 
connected (for all vertices v, w there is a path from v to w) and without circuits. 
If y is a tree, then for any pair (w, w) of vertices of Y there exists a unique path of 
shortest length from v to w, called the geodesic from w to w in Y . 

In the rest of this paper, unless otherwise noted, we assume that all graphs are 
finite {i.e., their vertex sets and edge sets are finite) and connected. 
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1.2.2. The fundamental group of a graph of groups. Let F be a graph. 

A graph Q of groups based on Y consists of families {Gv}y(zv{Y) and {Ge}eeE{Y) of 
groups satisfying Ge = Ge for every e G E(Y), together with a family {fe}eeE{Y) 
of group embeddings fe- Ge -> Gt(e) (e € E{Y)). (We also call Y the underlying 
graph of CJ.) 

Let he a, graph of groups based on a graph Y. We recall the construction 
of the fundamental group G = t^i{G) of Q from |Se80| L5.1]. First, consider the 
group 7r{G) (the path group of Q) generated by the groups Gy (v G V{Y)) and the 
elements e G E{Y) subject to the relations 

e/e(5)e = /-(.g) (e e EiY), g e G^). 

By a path of length n in Q from a vertex u G to a vertex w V we mean a 
sequence 

7 = (50,61,31,62,. ..,e„,5„), 

where (ei, . . . , e„) is a path of length n in y from v to w and where gi G Gt,^ for 
i = 0, . . . , n, with vq :— v and Vi := t(ei) for i > 0. If 5^ = 1 for every i then 7 is 
called an erf^e path. We say that the path 7 represents the element 

5 = 30613162 • • • 6„g„ 

of 7r(CJ). Such a path 7 in is reduced if it satisfies the following conditions: 

(1) if n = then go 7^ 1; 

(2) if n > then gi ^ feiiGa) for each index i such that e^-i-i = &[. 

It is easy to see that every g ^ 1 in 7r(fJ) is represented by a reduced path in 
(namely, a path of minimal length representing 3). Conversely, if 3 is represented 
by a reduced path in then 3 7^ 1 [SeSOi 1.5.2, Theorem 11]. In particular, the 
natural morphisms Gy — > 7r(fJ) are injective |Se80[ 1.5.2, Corollary 1]. 

Let now wq be a fixed vertex of Y . The fundamental group tti (CJ, vq) of (with 
base point ■^o) is defined to be the subgroup of 7r(C7) consisting of the elements 
represented by paths in Q from back to itself If v\ G V^Y) is another base 
point, and 3 is an element of 7r(C/) represented by a path from to wi, then 
7ri(C/,uo) — > 7ri(C/,wi): t 1— >■ g~^tg is an isomorphism; by abuse of notation we 
write T^i{Q) to denote 7ri(tJ,uo) if the particular choice of base point is irrelevant. 
Given a subgraph Y' oiY, we denote by Q\Y' the restriction of the graph of groups Q 
to Y' , defined in the obvious way; given a base point vq G V{Y'), the natural 
inclusion Tr{Q\Y') — > 7r(t/) induces an injective morphism Tri{Q\Y' ,vo) — > 7ri(CJ,wo) 
[B93l Corollary 1.14]. 

An alternative description of 7ri(t/, wq), which is often useful, is as follows: Let T 
be a maximal subtree of Y. The fundamental group 7ri(^,r) of Q relative to T is 
defined by contracting T to a point: 

ni{g,T) := 7r(g)/ (relations e = 1 for aU e G E{T)). (1.2) 

The natural projection tt{Q) iti{Q,T) restricts to an isomorphism 'iti{Q,vq) ^■ 
7ri(a,T), cf [SelOl 1.5.1, Proposition 20]. Identifying TTi{g,vo) with niig,T) via 
this isomorphism, for each w G ^ we obtain a group morphism Gy 7ri(t?,uo)- 
This group morphism is injective and given by t 1— )■ gytgy^ where gy G tt{G) is 
represented by the reduced edge path in C/|T from vo to v. We often tacitly identify 
the vertex groups Gy with subgroups of tti{Q,vo) in this way. This depends on 
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the choice of maximal subtree T of y, but for a different choice of T we obtain a 
conjugate subgroup of Tri{Q,vo), so this dependence is generally harmless. 

For every e S E{Y) let 



and let E := E{Y) \ E{T). Fix an orientation Ej^ of E. The identification of 
G :~ 7ri(tJ,vo) with 7ri(t/,T) means that G may be described as the iterated HNN 
extension 

G = {■ni{Q\T), e<E E+ : eae"^ = ipe{a) for all e <E E+, a e A^) 

of TTi{Q\T), where the latter group is itself an iterated amalgamated product (of 
the vertex groups of G\T, with identifications a = </?e(a) for e £ E{T), a € A,,). 

1.2.3. Graphs of based CW-complexes. Let F be a graph, V = V{Y), 
E ~ E(Y). A graph of based CW-complexes X with underlying graph Y consists 
of a collection of connected CW-complexes {X^j^jgy and {Xe}eeE such that X- — 
Xe for every e ^ E together with a collection {/e : X^ — !• Xt(e)}eG-E of cellular 
embeddings. Furthermore we require a choice of base points for each Xf, (e € i?) 
and Xj; (v G V), with and X^ being assigned the same base point, and for each 
e G E a choice of path in -^t(e) connecting the base points of fe{Xe) and ^t(e)- 
Finally we demand that the following hold: 

(1) For each e E E the map induces an embedding 7Ti{Xe) — > 7ri(Xj(g')) of 
groups (henceforth also denoted by /e); 

(2) given v G V the images of the maps /e : Xe — )■ -^t(e) with t{e) = v are 
disjoint; and 

(3) given u e F the set X^ \ Ut(e)=t, fei^e) is non-empty. 

(Conditions (2) and (3) can always be achieved by attaching products, without 
changing the homotopy types of the complexes Xy and Xe). 

Let A" be a graph of based CW-complexes with underlying graph Y. The 
topological realization of X is the following CW-complex: 



where for x G Xe wc set (x, 1) ^ fe{x) € -^t{e) and for {x,t) e Xe x [—1, 1] we set 
(x^t) ^ {x, — t) e Xe X [—1,1]. Note that we have canonical inclusion maps of X„ 
and X into \X\. We identify Xy and Xe = Xe x with their images in \X\. 

The collections {7ri(X„)}„gy and {Tri{Xe)}eeE together with the group em- 
beddings fe'- 7ri(Xe) — )■ 7ri(Xt(e)) form a graph of groups based on Y, whose funda- 
mental group (as defined above) is naturally isomorphic to the fundamental group 
of the topological space X := \X\; see |Hem87l Theorem 2.1]. Conversely, every 
graph of groups G based on Y gives rise to a graph X of based CW-complexes with 
underlying graph Y such that 7ri(X„) = Gy, ni{Xe) ~ Ge, and with the embed- 
dings Xe — Xi.(^e) inducing the edge morphisms fe'- Ge ^ Gt[e) of G- (By choosing 
for each Xy and Xe classifying spaces BGy respectively BGe-) 



= feOf-^ : Ae := fe{Ge) ^ Be 1= /e(Ge), 




(disjoint union) 
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1.2.4. Morphisms of graphs of groups. Let now Q and Q' be graphs of 
groups, based on the graphs Y respectively Y' . A morphism 0: Q ^ Q' of graphs of 
groups consists of the foUowing data: a morphism Y ^ Y' oi graphs, also denoted 
by 0; families of group morphisms 

Gy G^(t,)}t)Gy(Y), {"T^e: Ge G''^(e)}ee£;(y); 

and families of elements {gv}v£V{Y) and {ge}eeEiY) of 7r(C/'), satisfying the follow- 
ing conditions, with v ranging over V(Y) and e over E(Y): 

(1) (^e = 4>e; 

(3) for V ^ t{e) we have Se := Ov^de e C!'^(v)^ 

(4) the diagram 



Ge Gy 



(1.3) 



commutes. Here, given a group G and h £ G, ad(/i) denotes the inner 

automorphism g i— > hgh~^ of G. 
Every such morphism of graphs of groups as above induces a group morphism 
4>* '■ ''^{G) — > '^{G') between path groups satisfying 

(l)*ig) gv(l}v{g)gy\ (t>*{e) = ge(t>{e)g=^ for aU w e V^(y), .9 e G„, e e £;(r). 

Given a base point uq G ^(^) for G = 7ri(CJ,wo) and taking the base point 
Uq = (/)(wo) for G' = 7ri(fJ', Uq), this morphism restricts to a morphism G — > G'. 
(Cf |B931 Proposition 2.4].) Given an integer d > we say that has degree d if 
[G' : 0* (G)] = d. Every finite index subgroup of the fundamental group of a graph 
of groups arises in this way: 

Theorem 1.15. Let Q be a graph of groups with underlying graph Y , and let H 
he a finite index subgroup of G — t:i{Q). Then there exists a graph of groups % and 
a morphism 4>: H ^ G such that 0* : 7ri('H) G is injective with image H. 

This may be seen as a consequence of the main structure theorem of the 
Bass-Serre theory of groups acting on trees (cf |B93I Section 4]). Alternatively, 
one may employ the topological interpretation of tti{G) sketched in Section [1.2.41 
(cf. |SW79j ): if A" is a graph of based CW-complexes based on a graph Y, with 
topological realization X, and n: X X is a finite covering map, then X is in a 
natural way the topological realization of a graph of based CW-complexes X: The 
vertex spaces of X are given by the components of 7r^^(X„), v £ V{Y), and the 
edge spaces of X are given by the components of TT~^{Xe), e S E{Y). Let Y be the 
underlying graph of X] the covering map tt: A" — > A" induces a morphism of graphs 
y — >■ F which we also denote by tt. The edge spaces and vertex spaces of X are 
then endowed with base points covering the base points of X; and for e S E{Y), 
e = 7r(e), we pick a path connecting the base points of feiX^) and Xt(e). This data 
gives rise to a morphism 4>: G ^ G between the graphs of groups Q and Q associated 
to X respectively X such that (j)^ agrees with the group morphism ■ni{X) — > 7ri(A') 
induced by tt. 
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Remark. In the context of the previous theorem, one can choose the vertex 
groups of H to be iJ n gGvg^^, where v ranges over the vertices of Y and g over 
a suitable set of (iJ, G„ )-double coset representatives, and the edge groups to be 
H n gfe{Ge)g~^, where e ranges over the edges of Y and g over a suitable set 
of (i?, /e(G'e))-double coset representatives |Co89[ Section 8.5, Theorem 27]. In 
particular, if is a normal subgroup of G, then one can choose Ji such that its 
vertex groups are of the form H OGy, and its edge groups of the form H n fe{Ge)- 

1.2.5. Compatible collections of subgroups. Let Q, Q' be graphs of groups 
based on the graphs Y , Y' , respectively. Then Q' is a subgraph of subgroups of Q if 

(1) y is a subgraph of Y\ 

(2) < G„ for each v e V{Y'); 

(3) G^ < Ge and = /e|G^ for each e e E{Y')- 

(4) /e(Ge) n G'„ = /e(G^) for ah e e E{Y')., v = tie). 

In this case, the natural inclusions G^ — ^ G„ (u e V{Y')) and Gg ^ Gg (e G £^(1^')) 
form a morphism Q' ^ Q of graphs of groups, and given vq G V(Y'), the induced 
morphism 7ri(tJ',wo) tti{G,vo) is injective [B93| Corollary 1.14]. Wc say that a 
subgraph of subgroups G' of G is normal if G^ < G„ for each t; g (Then 
Gg < Ge for each e S E{Y') by condition (4).) For example, given a subgraph F' 
of y, the graph of groups G\Y' is a normal subgraph of subgroups of G- 

A subgraph of subgroups G' of G is called a graph of subgroups of if the 
underlying graph Y' of G' is the same as the underlying graph Y oi G- Let G' be 
a normal graph of subgroups of G- Then wc obtain a graph of groups based on 
the graph Y, which we denote by G/G', with vertex groups G^/G'^ {v G V{Y)), 
edge groups Ge/G'^ and edge morphisms Ge/G'^ Gt(e}/G'^^^-^ induced by fe (e G 
E{Y)). The natural surjcctions G„ — )■ Gy/G'^ and Gg — )• Ge/G'^ yield a morphism 
— fj/f/' of graphs of groups, which in turn yields a group morphism ni{G, vq) — > 
TTi{G /G' ,^0), which we denote by ttq'. 

A graph of subgroups of G is completely determined by its family of vertex 
groups: Suppose we are given a family G' = {G'y}y^viY) of subgroups G^ < G„ 
(v G V{Y)) which is compatible in the sense that 



Then there is a unique graph of subgroups of G with vertex groups G^ , which we 
continue to denote by the same symbol G' ■ (In particular, we may write G'g = 



Example. Let _ff be a normal subgroup of G = t^i{G)- Then the collection 
H = {H n Gy}y^Y(^Y) of normal subgroups is compatible; moreover, there is a 
unique morphism "KiiG /'H) — > G/H such that the diagram 



/,r^(G;(g)) = /^i(G;(^)) for all e G i?(r). 




G 



(1.4) 



MG/n) 



G/H 



commutes. 
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Proposition 1.16. Let {Hy}y^y(^Y) be a compatible collection of finite index 
normal subgroups of Q . Then there exists a graph of groups Q based on a graph Y 
and a morphism (j): Q ^ Q with the following properties: 

(1) (j) has finite degree; 

(2) for each v € V{Y), (j)^ is an isomorphism ^ H^(^^y, 

(3) for each e G E{Y), (j)^ is an isomorphism Ge — > H<p(Z)- 

Proof. This is sketched in [HemSTl Theorem 2.2]; for the convenience of the 
reader, we give a proof. We employ covering space theory. Thus, let X he a, graph 
of based CW-complexes based on F, with topological realization X :— \X\, such 
that 'Ki{X) = 7ri(fJ), as described in Section ri.2.31 The collections {Hy} and {He] 
of subgroups of the vertex respectively edge groups of Q give rise to collections 

{Xy ^ ^4„6y(y) ^^'^ ^ ^^)eeE(Y) 

of coverings of the vertex respectively edge spaces of X which are also compatible 
in the following sense: 

(1) for each e £ E{Y) we have tte = TTg, and 

(2) for each e e E{Y) and for each component Z of tt^j^^^ (/e(Xe)) there exists 
an embedding /e : X^. — > ^t(e) with image Z which covers /e : X,, — >■ Xt(e)- 

We will show that the various covering spaces can be glued together to give a 
connected covering tt: X X such that 

(1) for each v e V{Y) and each component Xy of n^^{Xy) the covering 
Xy ^ Xy corresponds to Hy . and 

(2) for each e e E{Y) and each component X^ of ■n^^[Xe) the covering Xf, ^ 
Xe corresponds to H^. 

Then every morphism of graph of groups Q ^ Q associated to tt as in Section 11.2.31 
has the required properties. We proceed by induction on the number of topological 
edges of Y. 

The case where Y has no topological edge (and hence only one vertex) being 
obvious, let us first consider the case that the graph Y has a single topological 
edge {e,e} and hence either one or two vertices. First assume that Y has a single 
vertex v. In that case 7r~^(/e(Xe)) and 7r~^(/e(Xe)) have the same number n of 
components. Matching up these components in pairs and connecting them via n 
copies of Xe, the resulting complex X has the desired property. 

Now assume Y has two distinct vertices vi and V2 such that t(e) = vi and 
t(e) = V2- Let Ui be the number of components of 7r~"'^(/e(Xe)), for i = 1,2. We 
get the cover X ^ X hy taking lcm(ni, 7i2)/'T-i copies of Xy-^ and lcm(7ii, n2)/n2 
copies of Xy^ and by connecting each copy of a component of 7r~^(/e(Xe)) with a 
copy of a component of 7r~^(/e(Xe)) via a copy of X^.- 

We now turn to the case of graphs with more than one topological edge. Since Y 
is connected, either there is an edge e such that the graph Y \ {e} obtained by 
deleting the edge e from Y is connected, or there is an edge e such that one of the 
components of F \ {e} consists of a single vertex with no topological edge. 

First consider the case that we have an edge e such that Y' = Y \ {e} is 
connected. We denote by X' the subgraph of based CW-complexes of X with 
underlying graph Y' , and write X' — \X'\. We identify X' with a topological 
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subspace oi X ~ \X\ in the natural way. By inductive hypothesis there exists 
a covering X' — > X' with the desired properties. We now consider the graph 
of CW-complexes Z whose underlying graph has a single vertex w and a single 
topological edge {/, /}, vertex space X^j = X' , edge spaces Xf = Xj = Xe, and 
edge maps Xf ^ X^^, Xj — > given by fe - X^ — > -'ft(e) ^ ^' respectively 
/-: X- Xt{e) ^ X'. Writing Z = \Z\ we note that Z = X. Clearly the 
finite index subgroup ni{X') of tti{X') = tti{Xiu) forms a compatible collection of 
subgroups (of the graphs of groups associated io Z). Since we already showed that 
the conclusion of the proposition holds for graphs with one edge we now get a cover 
Z ^ Z = X which has the desired properties. 

A similar argument deals with the case that we have an edge e such that one 
component of y \ {e} consists of a single vertex with no topological edge. □ 

Remarks. 

(1) Assume that the indices of the normal subgroups < Gv are powers of p. 
In that case the indices of the normal subgroups He ^ Ge are powers of p. 
With the notation introduced in the proof above we have 

[Gv : Hy\ \Gvi '■ Hy.] . 
n = — and rii = -j— — tor t ^ 1, 2. 

[Ge '■ He\ [Ge ■ He] 

In particular n, ni and n2 arc powers of p. It is now clear that the degree 
of the cover tt : X — )■ A" (and hence the degree of the associated morphism 
Q ^ Q oi graphs of groups) constructed in the proof is a power of p. 

(2) There is no guarantee that the resulting cover constructed in the proof 
will be regular (i.e., that 4>^{'Ki{Q)) will be a normal subgroup of 'Ki{Q)). 

1.2.6. Filtrations of graphs of groups. Let Q he a. graph of groups with 
underlying graph Y . We say that a collection G = {Gv}vgv(y) of filtrations 
Gv = {Gv,n}n>i of Gv (ouc for each vertex v) is a filtration of Q if for each n > 1, 
the collection G„ := {Gv,n}vGV{Y) of subgroups of the vertex groups is compatible. 

Let G ~ {Gv}vev{Y) be a filtration of Q. Then for each e S E{Y) we obtain a 
filtration Ge — {Ge,n}n>i of Ge where Ge,n fe^{Gt(e).n) for every n > 1. Note 
that /e is a morphism (GgjCe) — > {Gt(e)iGt(e)) of filtered groups, and Ge ~ G- 
for aU e e E(Y). 

Suppose that G is normal (i.e., each Gv is normal). Then for each n > 1 we 
have three graphs of groups with same underlying graph Y associated to Q: 

(1) The graph of subgroups G„ of Q; 

(2) the quotient graph of groups Q/Gn associated to G„, with vertex groups 
Gv/Gv,m edge groups Ge/Ge.n and edge morphisms 

Ge/Ge,n ~^ G t(e) / G t(e) ,n 

induced by fe] and 

(3) the graph i„(G) :— G„/G„-|-i, whose vertex and edge groups are the nth 
layers Ln{Gv) of G„ respectively L„(Ge) of Ge, and with the morphisms 
Lnife)- Ln{Ge) — > Ln{Gv) induccd by fe as the edge morphisms. 

We say that another filtration G* = {G*}v£V{Y) of is a compatible stretching 
of G if the filtrations G*, as v ranges over V(Y), form a compatible collection of 
stretchings of the Gv as defined in Section fl. 1.11 above. Note that in this situation. 
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for each n > 1, either every vertex group of Ln{G*) is trivial, or i„(G*) = Lrn{G) 
for some m > 1. 

Given a property *P of fihrations, we say that G has the property *p if G„ 
has *p for each w G V{Y). For example, we say that G is separating if for each 
V £ V{Y), the filtration G„ of G„ is separating: nri>i Gv.n ~ {!}■ We also say that 
G separates the edge groups of Q if for each e £ E(Y) and u = i(e), the filtration 

Gu of G.„ separates fe{Ge): r\n>l'^v,nfe{Ge) = fe{Ge). 

In the next lemmas, let (/): Q Q' he a morphism of graph of groups. 

Lemma 1.17. Let % = {H„'}v'ev(Y') be a compatible collection of normal 
subgroups of Q' . Then 

is a compatible collection of normal subgroups of Q . 

The proof of this lemma is a routine verification, using the diagram (jl.Sp (left 
to the reader). In the rest of this section let G' be a normal filtration of Q' . Then 

9i"^(G') {^;;^(G'^(^))}„ev(y) 

is a normal filtration oi by Lemma [1.171 ^nd if G' is central, a p-filtration, or 
p-potent, then clearly ^~^(G') also has the respective property. 

Lemma 1.18. Suppose each (p^ is injective. Then 

(1) if G' is separating, then (j>^^{G') is separating; 

(2) if each (f)e is bijective and G' separates the edge groups of Q' , then (j>~^ (G') 
separates the edge groups of Q; 

(3) if each (p,, maps Ge isomorphically onto the first group G'^^^^ ^ in the filtra- 
tion G^^g-j of G'^^^y and G' separates the edge groups of Q' , then 0^^(G') 
separates the edge groups of Q . 

Proof. If G' is separating, then 

Ti>l \n>l / 

for each w, hence 4)~^{G') is separating. For each e and v = t(e), denoting by 
(/)~"^ : (j)v{Gv) Gy the inverse of 0„, by (|1.3p we also have 

/,(Ge) = oad((5e)°/;(e)°0e)(Ge). 

Assume now that each (pe is bijective and G' separates the edge groups of Q' . Then 
for all e and v = ^(e), we have 

/e(Ge)= (0-^0 ad(5,)) (/;(,) (G;(,))) 

= (0;load(<5,)) (^n4e)(G;(e)) 

= fl (0,-1 o ad(5,)) (/;(,) (g;(,))) • 0,-1(g;(,)_j 

n 

= Pi fe{Ge) ■ 4>v ^(^0(i;),n)- 
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Hence </> ^{G') separates the edge groups of Q. This shows (2). Part (3) is proved 
in a similar way. □ 

In the next lemmas we fix e g E{Y), and write v = i(e), e' = 0(e), v' = (f>{v). 

Lemma 1.19. Suppose that for each n > 1, the morphism (p^ restricts to an 
isomorphism G^.n ~> G'g, „, and G[,, D /g, (Gg,) is a uniformly p-potent filtration 
of /g, (Gg,). Then Gy D fe{Ge) is a uniformly p-potent filtration of fe{Ge)- 

Proof. Note that the hypothesis that G^, n /g, (G'g,) be uniformly p-potent 
is equivalent to the filtration G'g, = {f'e')~^{G'y,) of Gg, being uniformly p-potent, 
and that it is enough to show that Gg — f~^{Gy) is a uniformly p-potent filtration 
of Gfi. Now by assumption, (/ig induces isomorphisms Ge,n — ^ G'g, for each n> 1. 
Hence for each n > 1, a; a;P yields a surjective group morphism 

Ge,n ^ Ge,n+l/Ge,n+2 

whose kernel equals Ge^„+i, as required. □ 

The following two lemmas are not used until Section 15. 4[ and may be skipped 
upon first reading. 

Lemma 1.20. Suppose is infective and (j)e is bijective, and m > 1 such that 
G[,,n n /e' (G^, ) = if',, {G'^j)) forl<n< m. 

Then 

Gu.n n /e(Ge) = l^ifeiGe)) for 1 < 71 < m. 

Proof. Note that (adiS^^) o 0i,)(Gi,) C G'„, and, since 0g is bijective: 

(ad(5g-l)o0.)(/g(Ge))-/MG^'), 7^(/e'(G^'))=/e'(0e(7^(Ge))). 

Hence for 1 < n < m: 

(ad(5g-l) O 0„)(G.,„ n /e(Ge)) C G:„,„ n /^G^,) = f:,,iMl?^iGe)))■ 

Since 4'y is injective, this yields 

G.,„ n /e(Ge) C /e(7^(Ge)) = lf,{fe{Ge)). 

The lemma follows, since ^^{fe{Ge)) is the fastest descending central p-filtration 

0f/e(Ge). ' □ 

Lemma 1.21. Suppose Ge is abelian, (f>y is injective, 0g maps Ge isomorphically 
onto the first group Gg, ^ in the filtration Gg, of Gg, , and £ > such that 

G;,,„ n /^,(G^,) - 7:+,(/e'(G;.)) for each n>l. 

Then 

G,,„ n /e(Ge) = 7,^(./e(Ge)) for cach n>l. 
Proof. As in the proof of the previous lemma, it suffices to show that 
(ad(C') o 0.)(G,,„ n /e(Ge)) C /^,(0g(7JJ(Ge))) for all n > 1. 
Let n> 1. By hypothesis 

(ad(C') ° 0.)(G„,„ n /,(Ge)) c g;,,„ n /:,(G^,) = j^+.if'AG',,)). 

Since Gg, is abelian and (j)e{Ge) ~ Gg, ^ = 7f+£(Gg,), we have 

7:+,(G;,) = 7^(7r+,(Gl')) = 7S('Ae(Ge)) = Ml'niGe)) 
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and thus 

(ad(<5-l) O 0.)(G„,„ n /e(Ge)) C 7,':+,(/e'(G'eO) 

= /M7:+,(G',0)=/e'('/'e(7^(Ge))), 

as required. □ 

1.2.7. The Mayer- Vietoris sequence associated to a graph of groups. 

Let 5 be a graph of groups with fundamental group G = T^iiQ)- Let be an 
orientation of the underlying graph Y oi Q. Then for each G- module A/, there is 
an exact sequence 

> i/„+i(G; M) ^ i/„(Ge; M) ^ H„{G,;M) ^ i/„(G; A/) ^ • • • 

where each morphism Hn{Gy]M) — >■ Hn{G\M) occurring in this sequence is in- 
duced by the inclusion G„ — > G, and each composition 

Hn{Ge;M)^ Hn{G,-M)^ Hn{G,;M) 

v<£V(Y) 

where 7r„ denotes the natural projection onto Hn{Gy] M), is given by (/e)* (respec- 
tively — (/e)*) if = t(e) (respectively w = o(e)), and is otherwise. (Cf }Chi76| 
or |Se801 Section IL2.8].) Dually, there is also a Mayer- Vietoris sequence in coho- 
mology, which we won't formulate explicitly here. 



CHAPTER 2 



Embedding Theorems for p-Groups 



In this chapter we consider two types of embedding theorems for p-groups: one 
for amalgamating (filtered) p-groups, and one for extending partial automorphisms 
between subgroups of a given p-group to inner automorphisms of a larger p-group. 
These results will be basic for establishing in the next chapter that certain funda- 
mental groups of graphs of groups are (virtually) residually p. 

2.1. An amalgamation theorem for filtered p-groups 

An amalgam of groups consists of a pair (G, H) of groups with a common sub- 
group U ; notation: GUH\U. An embedding of an amalgam GUH\U into a group W 
is a pair (a,/3) consisting of injective group morphisms a: G — > W, (3: H ^ W 
such that a.\U = (3\U . (Figure [TJ) Such an embedding of G U into W is said 
to be strong if in addition a(G) n f3{H) = a{U). The following is a variant of a 
theorem of Higman |Hig64[ . The equivalences of (1)~(4) may also be deduced from 
|Lei871 Theorem 2] ; for our application in Section I3.2[ we are mostly interested in 
the addendum. 

Theorem 2.1. Let GU H\U he an amalgam of p- groups. The following are 
equivalent: 

(1) GU H\U is strongly embeddable into ap-group. 

(2) GUiJjC/ is embeddable into ap-group. 

(3) There exist finite-length chief filtrations of G and H inducing the same 
filtration of U . 

(4) There exist finite-length central p- filtrations G of G and H of H inducing 
the same filtration of U . 

Moreover, if we are given G and H as in (4), then there exists a strong embed- 
ding (q!,/3) of GU H\U into ap-group W and a central p- filtration W ofW of finite 
length which induces a{G) on a{G) and (3{H) on P{H). 




Figure 1 . An embedding of an amalgam of groups 
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Note that the imphcation "(1) (2)" is trivial. If is a p-group containing 
both G and H as subgroups, then any chief filtration of W induces a chief filtration 
on G and a chief filtration on H. This shows "(2) ^ (3)", and "(3) =l> (4)" follows 
from the fact that each chief filtration of a p-group is a central p-filtration. Hence 
it remains to give the proof of "(4) => (1)" in the stronger formulation given in the 
"moreover" part. 

The class of elementary ahelian p-groups has the (strong) amalgamation prop- 
erty, i.e.: every amalgam of elementary abelian p-groups G U H\U always admits 
a strong embedding into an elementary abelian p-group W . Somewhat more gen- 
erally, let G and H be abelian groups (written additively), and let J7 G, 
"0 :[/—>■ be injective morphisms from a group U to G respectively H. Then 

K := {tp{u) - ip{u) : ue U} 

is a subgroup of G G) H, and 

G®uH:= {G®H)/K 

is called the fiber sum of G and H over U (via ip, ip). It is easy to check that 
the natural morphisms G —> G (Du H and H ^ G ®u H are injective. The fiber 
sum G ®ij H is the solution to an universal problem: it is the push-out, in the 

category of abelian groups, of the diagram G U % H . (In connection with 
this construction it is interesting to note that no varieties of groups other than 
the variety of all groups and varieties of abelian groups are known to have the 
amalgamation property; cf. |Neum67t pp. 42-43].) 

Let now G H\U be an amalgam of p-groups and G = {Gi} and H = {Hi] 
be central p-filtrations of G respectively H as in (4). For showing the rest of 
Theorem 1 2. 11 after refining G and H suitably, we may assume that GDU = HOU. 
(Lcmma ll.in In this case, we actually have a more precise result: 

Proposition 2.2. Let GU H\U be an amalgam of p-groups, and suppose G 
and H are finite-length central p-filtrations of G respectively H which intersect to 
the same filtration ofU . Then there exists a p-group W containing both G and H as 
subgroups, with G H H = U , a finite-length central p-filtration W of W , as well as 
compatible stretchings G* of G respectively H* of H , with the following properties: 

(Al) Wr\G = G* andWr\H = H* ; 

(A2) for each i> I, identifying Li{G*) and Li{H*) with subgroups of Li{W) 
in the natural way, and similarly Li{U) with subgroups of Li{G*) and 
Li{H*), where U := G* H U ^ H* n U , we have 

U{G*)rM,{H*) = U{U); 

hence Li{W) embeds LiiG*) ®Li(u) Li{H*) in a natural way. 

The remainder of this section is occupied by the proof of this proposition. The 
main idea of the argument is to apply the fiber sum construction inductively to the 
layers of the given filtrations G and H. Before we can carry this out, we need some 
preliminary observations on group algebras, wreath products, and a construction 
of central filtrations on semidirect products. 
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2.1.1. Group algebras. Let i? be a commutative ring and G be a group, 
and let R[G] be the group algebra of G over R. (As a general reference for group 
algebras we use |Pa77j .) 

The augmentation ideal of R[G] is the kernel uj = uj{R[G]) of the i?- algebra 
morphism R[G] — >■ R given by 5 i— >■ 1 for every g G G. (Here and below, "ideal" will 
always mean "two-sided ideal" unless noted otherwise.) It is easy to see (cf. |Pa77[ 
Lemma 3.1.1]) that 

c. = ^i?[G](l-g). 

geG 

Note that if R has characteristic p, then R[G] = R^w ^p[G] and hence cj(i?[G])" = 
R w (Fp [G] )" for every n. 

Given an ideal / of R[G] we say that a descending sequence {/„}„>i of ideals 
of R[G] satisfying h ^ I and Imin £ Im+n for all m, n is a filtration of /. Every 
strongly central filtration 

G = Gi > G2 > • • • > G„ > • • • 

of G gives rise to a filtration {/«} of the ideal w as follows: For each g € G define 17(17) 
to be the largest k e N-^ U {00} for which 5 G Gfe, where we set Goo := nTt>i ^n- 
For each n > 1 let /„ be the left i?-submodulc of R[G] spanned by all products of 
the form 

(l-.gi)-(l-.g2)---(l-grn) 

for some m with v{gi) + ^(52) + • • • + v{gm) > n. It is easily seen that {/„} is a 
filtration of w; cf. |Pa771 p. 87]. Conversely, let 

w - /i > /2 > • • • > > • • • 

be a filtration of ui. Then we associate to {/„} a filtration {G„} of G by setting 

G„ := {g G G : 1 - g e /„}. 

If R has characteristic p, then {G„} is a dimensional p-filtration of G; cf. jPa77[ 
Lemma 3.3.2]. In particular, taking /„ = for every n, we obtain a corresponding 
dimensional p-filtration of G. In fact, this filtration turns out to be exactly the 
lower dimensional p-filtration {Dn} of G: 

Theorem 2.3. Suppose R is of characteristic p and G is a p- group. Then 

Dn ^ {g G G '■ - 9 'G ^^"} for alln>\. 

Moreover, the filtration of uj determined by {Dn\ is precisely {1^"}, the powers of 
the augmentation ideal. The ideal lo is nilpotent of nilpotency class 

{p-l)^n dimr^{Dn/Dn+i). 

n 

This theorem is due to Jennings |Je41| : for a proof see |Pa77| Theorems 3.3.6 
and 3.3.7]. The nilpotency class of an ideal / of R[G] is the smallest d > 0, if it 
exists, such that J'^+i = 0. By the theorem, the nilpotency class of tu is an upper 
bound on the lower p-length (and hence the nilpotency class) of G. 

We denote by 

ann(u;) := {r £ R : ru! = 0} 
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the left annihilator of u (a left ideal of i?[G]). Note that if 0;''+^ = then ann(a;) 
contains lo'^. If G is finite we define 

G:=Y^g^R[G\. 
geG 

Note that Gg = gG = G for all g € G, hence G is central in R[G]. It is easy to 
see that if G is finite, then ann(a;) = RG; cf. jPa77|, Lemma 3.1.2]. The following 
observation is standard (cf. IPa77( p. 371]): 

Lemma 2.4. Suppose G is a p-group, and R is a field of characteristic p. Then 
every non-zero ideal I of R[G\ contains G. 

Proof. Let / 7^ be an ideal of R[G]. The ideal w is nilpotent, so we can 
choose an integer m > maximal with /cj™ 7^ 0. Then clearly 

7^ /cj" C / n ann(cj) = I Ci RG 

and thus G E I since i? is a field. □ 

Applying this lemma to the prime field Fp in place of R and using that R[G] = 
R(^¥^ Fp[G] yields: 

Corollary 2.5. Suppose G is a p-group and char(i?) = p. Then uj'^ = RG 
where d denotes the nilpotency class of lo. 

2.1.2. Wreath products. Wreath products play an important role in the 
proof of the main result of Hig64 , and so naturally also in the proof of Theo- 
rem [2llJ We recall the definition: Let X, H be groups. We turn the set of 
maps H ^ X into a group under the coordinate-wise operations. We have a right 
action 

H X X" X" : {h, f) ^ f' 

oi H on X^ , given by 

/''(fc) = f{hk) for f eX" and h.keH. 

The (unrestricted) wreath product of X and H is a semidirect product X I H ^ 
H K X^; its underlying set is H x X^ , with group operation 

(/il,/l)-(/l2,/2) = (/ll/l2,/^V2). 

The group X^ is called the base group oi X I H. Both X^ and the group H 
can be naturally identified with subgroups oi X I H. (Note that then for every 
h & H and / S X^ the conjugate h~^fh oi f hy h is conveniently given by f^.) 
If if is a subgroup (respectively normal subgroup) of H, then KX^ is a subgroup 
(respectively normal subgroup) of X I H. Note also that if X is a subgroup of a 
group Y, then X I H is a. subgroup oiY I H. 

The wreath product X I H contains a copy of every extension of iJ by X 
(theorem of Kaluzin-Krasner): in fact, given a group morphism 9: A ~^ H (not 
necessarily surjective) with kernel X there always exists a map a t-^ fa'- A ^ X^ 
such that the map 

ieia),fa): A^ XlH 
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is an injective group morphisni (cf. |Hig64[ p. 303]). The map a i— > /a is obtained 
as follows: One first chooses a countermap to 9, that is, a map 6* : H ^ A (not 
necessarily a group morphism) such that 

61(61* (61(a) • h)) = e{a) ■ 6(0* (h)) for all aeA,heH, 

or, in other words: 

9* {e{a) ■h)=a-9* (h) mod X for ah ae A,heH. 

Such countermaps always exist: Choose a system S of right coset representatives 
of the subgroup 9{A) of H, and for h G H denote the unique s £ S such that 
hs~^ G 6{A) by s{h). For every h£ H choose a{h) £ A such that h = 9{a{h))s{h), 
and for each s £ S choose an arbitrary Os € A. Then 9*{h) := a{h) ■ as{h) defines a 
countermap to 9. (So for example, if 9 is surjective then every right inverse of 9 is 
a countermap to 9.) 
Now set 

/,(/i) := {9*{9{a)-h)y' ■a-9*{h). 

Note that /a (ft.) indeed lies in Ker(0) = X, so /q is an element of . If we want 
to stress the dependence of a > /a on the choice of countermap 9* , we write /f 
instead of fa- We call an embedding A ^ X I H oi the form a i— >■ {9(a), ) a 
standard embedding of A into X I H. If in addition X is given as a subgroup of 
a group Y, we also speak of the composition A^XlH^YlHoia. standard 
embedding A ^ X I H with the natural inclusion XlH^YlH as a standard 
embedding of A into Y I H. 

In the following let W = X iH he the wreath product of the groups X and H. 
It is well-known (cf. |Ba59| ) that if X ^ 1 and H is finite, then W is nilpotent if 
and only if there is a prime p such that X is a nilpotent of finite p-power exponent 
and iJ is a p-group. We are mostly interested in the case where the group H is ap- 
group, and X is an elementary abelian p-group, and hence may be construed as the 
additive group of a finite-dimensional Fp-algebra. Somewhat more generally, from 
now on we assume that X is the additive group of a commutative ring R and H is 
finite. Below we simply denote X by R. We now can and will canonically identify 
the additive group of the group algebra R[H] of H over R with the base group R^ 
of the wreath product W = RlH . After this identification, the action of H on R^ 
is related to the action of H by left multiplication on the group ring R\H] via 

^h-^ ■ f for all / e R[H], he H. 

(To avoid confusion between the group operation in Rl H and the multiplication 
in the ring R[H], we will always use a dot • to denote the latter. We also reserve /, 
possibly with decorations, to denote elements of R[H] and h for the elements of the 
subgroup H of W.) We therefore have the useful identity 

[f,h]^{h-' -!)■ f if eR[H],heH), (2.1) 

where the commutator [f,h] = f^^h^^ fh is computed in W and the right-hand 
side in the group algebra R[H]. 

We let TT be the natural map Rl H ^ R\H], which is not a group morphism 
in general: in fact, for elements gi = fti/i and g2 = ^2/2 of W (where hi £ H, 
fi = T^{9i) e R[H]), we have 

H9192) = ■ f, + f2. (2.2) 
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For / e R[H], h e H, g = hf we obtain 

n{g-') = -h-f, (2.3) 

and for later use we also record that if in addition /' e R[H] then 

nifh^) = h-' ■ r + (1 - h-') ■ f. (2.4) 

Multiplication / r • / in R[H] by a fixed element r E R extends uniquely to an 
endomorphism of W which is the identity on H. We also note: 

Lemma 2.6. Let G be a fully invariant subgroup of W . Then G D R[H] is a 
left ideal of R[H], with GnR[H] = tt{G). Moreover, if S is a generating set for G, 
then Tr(S) generates the left ideal GO R[H]. 

Proof. Clearly Gn R[H] is an additive subgroup of R[H] contained in n{G). 
The subgroup G of W being fully invariant implies that G = {G n H) (G (1 R[H]) 
and thus G n R[H] ~ 7r(G). Since G is fully invariant, G n R[H] is also closed 
under multiplication by elements from R, and if / G G D R[H] and h G H, then 
h-f = f'^~^ e G since G is normal. Hence GnR[H] is a left ideal of R[H]. Now let S 
be a generating set for G. Then 7r(G) clearly contains the left ideal / := R[H] T^iS) 
of R.[H] generated by 7r(S'), and the identities ((^ and ((O)) yield 7r(G) = /. □ 

The following theorem due to Buckley |Bu70| shows that there is a close rela- 
tionship between the lower central series of the wreath product W ~ RlH and the 
powers of the ideal w = uj{R[H]) of the group ring R[H]. 

Theorem 2.7. For every n we have 

7„+i(iy) n =w". 

Since the proof of the theorem above given in jBuTOj is somewhat roundabout 
(it is deduced from properties of polynomial functions on groups), we give a di- 
rect proof of a refinement valid in the situation of interest to us, namely, where 
char(i?) = p. From now until the end of this subsection we therefore assume that R 
has characteristic p. 

Proposition 2.8. For all n: 

Df,^,{W) n R[H] = 7,^+1 (M/) n R[H] = jn+iiW) O R[H] = c.". 

Proof. Since 

i?j:+i(l^)> 7,^+1 (M^)>7n+lW, 

it is enough to show that 

DP^^iW) n R[H] < t^" < ^n+i{W) n R[H]. (2.5) 

We proceed by induction on n, the case n = holding vacuously. Suppose we have 
established (|2.5p for some n. Then for every / Go;" and ft, € iJ, by p.ip we have 

{h-' - 1) •/-[/, /i] e hn+liW), W] < -fn+2iW). 

Lemma 12.61 now yields cj"+^ < 7n+2(W^) H R[H]. For the inclusion on the left 
in ()2.5p . recall first that the subgroup 

^^+2(W^)-K(„+2)/pl(^))' n [DnW),D^iW)] 

i+j=n+2 

of W is fully invariant. Thus by Lemma l2.6l it suffices to show the following claim, 
where we abbreviate Di — D'^{W): 
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Claim. Suppose h, hi, hj E H and /, fi, fj E R[H] arc such that 

hf G -D[(„+2)/p] and hifi G A, hjfj e Dj {i+j^n + 2). 

Then 

G c^"+i and G 

For the first part, we note that, writing m ~ \{n + 2)/p\, we have / = 7r(/i/) G 
tt{D„i) = D,n n R[H] by Lemma I^TBl and hence / G w™^^ by inductive hypothesis. 
This yields h = {hf)f-'^ G An and thus h G DP-^{H). We obtain 

TT{{hf)P) = (1 + h.-^ +h-P + --- + h.-^P-^^) ■ f = {h-^ - 1)P-^ ■ f G 0;"+^ 

using Theorem 12.31 For the second part, by standard commutator formulas (cf., 
e.g., |DdSMS99l Section 0.1]) we have 

= [h,J,][h,,h,]f^f^[f,,h,], 

using that [fi, fj] = 1 as well as [hi,fj]f' = [hi, fj] and [fi,hj]-f^ [fi,hj] (since 
/j], [f^, h,] G R[H]). By (IMI) this yields 

n{[h,f„h,f,]) = (1 - [h„h,]) ■ (/, + /,) + [h,,h,] ■ (1 - h-') ■ f, - (1 - /iTi) . 

By Theorem[13]we have 1 - h^^ £ uj\ 1 - hj^ G uj^ , and 1 - [hj,h,] G and 
by inductive hypothesis /; G cj'^^ and fj G cj-'^^. This implies the second part of 
our claim. □ 

Combining this proposition with Lemma 11.51 and Jennings' theorem (Theo- 
rem [2l3] above) we obtain: 



Corollary 2.9. Suppose H is a p-group. Then W ~ Rl H is nilpotent, and 
the nilpotency class, lower p-length, and lower dimensional p-length of W all egual 

1 + (nilpotency class of w) = 1 + (p - 1) ^ n dim^ ^{DP^{H) / Dl^^{H)) . 

n>l 

In the proof of the main result of this section we need: 

Corollary 2.10. Let A be a group containing R as a central subgroup, let 
6: A ^ H be a group morphism to a p-group H {not necessarily surjective) with 
kernel R, and let a: A ^ W = RlH be a corresponding standard embedding. Then 

a{R) = Lu'^ = 7^+1 (M^) n R[H] = RH 

where d is the nilpotency class of uj ~ uj{R[H]). 

Proof. Let 6* be a countermap to 6 such that a{a) = {0{a), ) for all a E A. 
Since R < Z{A) we have for all r e R, h £ H: 

fr{h)^e*{e{r)-hy^ ■r-e*{h) 

^6*{h)-^ ■r-e*{h) =r, 
and hence /,, = rH G R[H]. Now use Corollary 12.51 and Proposition 12.81 □ 



36 



2. EMBEDDING THEOREMS FOR p-GROUPS 



2.1.3. Central filtrations and semidirect products. Assume that the 
group G = B H is a semidh-ect product of its subgroups B and H, with B < G. 
The following is easy to verify: 

Lemma 2.11. Let {i?„} be a filtration of H . Then 

HnB^{hb:heHn,beB} 

defines a filtration of G ~ B y\ H . If {ffn} is normal, then so is {HnB}, and for 
every m < n the natural morphism Hm/ H„ — > Hm.B/ H„B is an isomorphism. (So 
if {Hn} is a central filtration, or a central p-filtration, then {HnB} also has the 
respective property.) 

Let now {G„} be a central filtration of G, and put i?„ := B O G„ for each n. 
Note that [G, B] < B, hence [G, Bn] < -Bn+i for each n. Assume also that a central 
finite-length filtration 

H = Hi>H2>--->Hrn>l 

of H is given. We can then combine the central filtration {Bn} of B with the central 
filtration {HnB} of G to a central filtration 

G = HiB >■■■> H„,B > B = Bi > B2> ■ ■ ■ > Bn >■■■ 

of G. (This construction of filtrations on semidirect products is used in the next 
subsection.) 

2.1.4. Proof of the embedding theorem. We need yet another lemma, in- 
dicating how an embedding of an amalgam into a wreath product can be constructed 
inductively. For this, let GU H\U be an amalgam of groups. An amalgam A" U 

is called a subamalgam of G U H\U ii X < G, Y < H 'And U C^ X ^ U C^Y ^ V . 
The subamalgam Auy|F of GU H\U is called normal if X is normal in G and Y 
normal in H . In this case, identifying UX/X = U /V with UY/Y in the natural 
way, we can form the factor amalgam (G/X) U {H/Y)\{U/V). The first part of the 
following Lemma is |Hig64[ Lemma 2]: 

Lemma 2.12. Let XUY\V be a normal subamalgam of the amalgam GUH\U, 
and suppose V is central in both G and H. If X U Y\V embeds into a group T and 
(G/X) U {H/Y)\{U/V) embeds into a group K, then G U H\U embeds into T I K. 
An analogous statement holds for strong embeddings in place of embeddings. 

Proof. Suppose T is a group containing both X and Y as subgroups, and 
6: G ^ K, (f>: H —i' K are group morphisms with Ker(6') = X, Kcr(0) = Y and 
9\U = <f>\U. Then by |Hig64[ Lemma 2] there are standard embeddings 

G^TIK: g^{eig)jf) 

and 

H ^TlK:h^{^{h),ftn 

which form an embedding of G U H\U into T I K . This is already the first part of 
the lemma. However, for the statement concerning strong embeddings, we need a 
more detailed description of how /g^ and ff^^ are constructed. First one chooses a 
countermap 9* : K ^ U to 9\U = <j)\U : U — > K. This yields a standard embedding 

U^VlK:u^ {9{u)ji') = (0H,/r). 
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Figure 2. Embcddings into wreath products 

One can show (cf. |Hig64[ Lemma 1]) that there exists a countcrmap 91: K ^ G to 
6: G ^ K such that the map ji: K ^ G defined by 6* ■ /.i = 61 is constant on each 
right coset of 9{U) = (t){U) in K. Similarly, there exists a countcrmap (t)\: K ^ H 
to (j): H ^ K such that the map v: K ^ H defined hy 9* ■ v = (f)\ is constant on 
each right coset of 9{U) = 4>{U) in K . This yields standard embeddings G ^ XlK 
and H Y I K h\ the manner described above. 
Note that for u S [/ and k G K we have 

f!l^{k)^{9mu)-k)y' ■u-9i{k) 

= {n{9{u) ■ k)y^ ■ {9*{9(u) ■ k))'^ ■u-9*{k)- ^l(k) 

= ^i{k)-'■fu{k)■^,{k) 
= /r(fc) 

since V is central in G. Similarly we have ft^ = for all u £ U. Hence the 
diagram in Figure [2] is commutative. 

To see the statement about strong embeddings, suppose that X OY = V a.s 
subgroups of T and 9{G)n<j){H) = (t>{U). LctgeG,heH such that {9{g)jf^) = 
{(t^Wjf)- Then 9{g) = (j}{h) £ 9{U) = </>([/), hence n{9{g) ■ k) = ^i{k) and 
v{(t){h)-k) = v{k) for aU k e K, and /f = /f, hence /f (fc) = /^^(fc) e XC^Y = V 
for all k G A'. Since F is central in G, this yields 

flHk)^{om9)-k)y' -g-om 

= ^l{kr' ■{9*{9{g)-k))-^ ■g■9*{k)■^Ji{k) 
= {9*{9{g)-k)y' ■g-9*{k) 
for all k £ K, and similarly 

(fc) = • fc))"^ • • (fc) for aU k e K. 

This yields g^heU. □ 
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With these tools at hand, we can now give the proof of Proposition l2.2l Given a 
filtration G = {Gi]i>i of a group, we call the number of distinct non-trivial groups 
occurring among Gi,G2, ■ ■ ■ the essential length of G. Note that the essential 
length of G is an invariant of the equivalence class of G. The length of G is never 
smaller than its essential length. 

Let G U H\U be an amalgam of p-groups, and let G ~ {G;} and H — {Hi} 
be finite- length central p-filtrations of G respectively H with G O U ~ H O U . We 
proceed by the maximum fi of the essential lengths of G and H to show that there 
exists a strong embedding of G U H\U into a p-group W and a central p-filtration 
of W as well as compatible stretchings G* of G and H* of H satisfying conditions 
(Al) and (A2) in Proposition 12.21 (after identifying G and H with their images 
under the embedding oi G U H\U into W). 

li fi = 0, then there is nothing to show, so assume > 0. Let n be the 
maximum of the lengths of G and H. Then X := Gn is central in G and Y _ff„ 
is central in i7, and both groups are elementary abelian p-groups; their fiber sum T 
over V := X nU = y n [/ is an elementary abelian p-group, and X HY = V after 
identifying X and Y in the natural way with subgroups of T. By induction and 
after replacing G and H by compatible stretchings if necessary, we may assume 
that we have group morphisms 9: G ^ K and (p: H ^ K such that 

Ker(6') X, Ker((?i) = Y, e\U = (j)\U, and e{G) n (j){H) = e{U), 

as well as a central p-filtration K = {Ki} of K such that 

(1) K, n e{G) = 9{G^) and K, n <j){H) = for 1 < t < n; 

(2) Ki n 61(G) = e{Gn) and iCi n (j){H) = (j){Hn) for i > n; 

(3) Li{G) n Li{H) = Li{U) (as subgroups of Li{K)) for 1 < i < n, where 
J7:=Gn[/ = J?n?7. 

Put TlK, and following the proof of the lemma above take standard embed- 

dings 

G^W:g^a{g) (0(.g),/<,) 

and 

H~^W:h^P{h) (0(/i),A) 

which form a strong embedding of G U i?|C/ into W . Now for every i = 1, . . . , m, 
where m = length of K , define the normal subgroup 

W, := ■ T'^ = { (fc, f)eW -.k^K,,! ^ T^'} 

of VF, and for z = 1, . . . , Z, where Z = nilpotency class of VF, set 

:=r^n7f(M^). 

Then 

= M^l > > • • • > M^m > Wra+l = > T^,„+2 > • • • > W^+l > 1 

is a central p-filtration of W. (See the remark following Lemma [2. Ill ) 

It remains to show that there are compatible stretchings G* of G and H* 
of H which, together with W = {W^}, satisfy conditions (Al) and (A2) in Propo- 
sition O Clearly 



for 1 < i < n 

for n < i < m + 1 . 
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On the other hand, by the construction of a in the proof of the preceding lemma, 
the image of a is contained in the subgroup X I K W, and by Corollary 12.101 

Wm+i nx^ = TK n X[K] = XK = a{X), 

hence (Wm+i) = X = G„. Therefore 

a'\Wm+i) = a-\Wr,-,+2) = ■■■ = a-\W^+i) = G„. 

Thus the stretching G* = {G*}.,>i of G defined by 

{a, for 1 < i < n 
On for n < i < m + I 
1 for i > m + I 

has the property that a~^{W) ~ G* . Similarly one argues that the stretching 
H* = {H*}i>i of H defined by 

{Hi for 1 < i < n 
Hn for n < j < m + Z 
1 for i > m + I 

satisfies /3~^{W) = H*; note that G* and H* are compatible. This shows condi- 
tion (Al). We also have, with w = uj{T[K]): 



Moreover 



L^{G*) = 




for 1 < i < m 
for m < i < m + I 
for i = m + I 
for i > m + I. 



for 1 < i < n 
for n < i < m + I 
for i = m + ? 
for i > m + ^ 

and similarly for Li{H*). Property (A2) follows. □ 



2.2. Extending partial automorphisms to inner automorphisms 

Throughout this section we let G be ap-group, and we let : — > i?i (i = 1, . . . , r) 
be partial automorphisms of G, i.e., isomorphisms between subgroups of G. In this 
section we want to discuss the following question: 

Under which conditions on the Lpi is there a p-group H which 
contains G as a subgroup such that each tpi extends to an inner 
automorphism of H? 

This issue is of interest to us since the existence of H as in the question above is 
equivalent to the iterated HNN extension 

(G,ti,...,ir : tiOit''^ = ipi[ai) for i = 1, . . . , r, G Aj) 

of G to be residually p. (See Lemma [3.31 below.) It is clear that in order to find 
such H it suffices to produce a p-group G* which contains G as a subgroup and for 
each i an extension Lp* of Lpi to an automorphism of G* such that the subgroup A 
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of Aut(G*) generated hy ipl, . . . , tp* has p-power order: in this case, the semidirect 
product H ^ G* >i A has the right property. 

Note however that it is not enough to have, for each i individuahy, an extension 
of ipi to a p- automorphism of some p-group containing G as a subgroup: 

Example. Suppose G = F^, and consider the automorphisms ip = (J and 
ip = (ii) of G. Then tp and ip both have order p; however tp and ip do not 
commute. Since every p-subgroup of GL(n,Fp) is conjugate to a subgroup of the 
group UTi(n,Fp) of upper unitriangular matrices (see, e.g., |DdSMS99[ 0.8]), and 
UTi (2, Fp) is abehan, there are no extensions of ip, to automorphisms of a p-group 
containing G as a subgroup and which generate a p-group. 

Given a partial automorphism <^: A — > _B of G, we say that a fihration G = 
{Gn} of G is ip-invariant if ip{A D G„) = 80 Gn for aU n; in this case, if in 
addition G is normal, then for each n, p induces an automorphism between the 
canonical images AGn+i n G„/G„+i and BGn+i H Gn/Gn+i of A respectively B 
in L„(G) = Gn/Gn+i, which we denote by Ln{p). 

The following proposition was shown in |Cha94|, Lemma 1.2] (and later redis- 
covered in [Mo07| ) . It may be seen as an analogue for HNN extensions of Higman's 
theorem |Hig64| discussed in the previous section; the proof given in [Cha94j also 
employs wreath products. 

Proposition 2.13. Let p: A ^ B be a partial automorphism of G. Suppose 
that G admits a tp-invariant chief filtration G = {G„} such that 

ip{a) = a mod G„+i for all n and all a Cz AD Gn- 

Then G embeds into a p-group H such that ip extends to an inner automorphism of 
H and G is induced by a chief filtration of H . 

This fact easily yields the following corollary, which generalizes a well-known 
characterization of unipotent subgroups of the general linear group over a field of 
characteristic p; cf. |DdSMS99l 0.8]: 

Corollary 2.14. The following are equivalent: 

(1) There exists a p-group H which contains G as a subgroup such that each 
(pi extends to an inner automorphism of H. 

(2) There exists a p-group G* which contains G as a subgroup and extensions 
of ipi to automorphisms of G* which generate a p-subgroup o/Aut(G*). 

(3) There exists a chief filtration {Gj} of G which is ipi-invariant for each i 
and such that 

Pi{a) = a mod Gj+i for all i, j and all a Cz AiD Gj. 

Proof. The equivalence of (1) and (2) was already noted above. The impli- 
cation (3) (1) follows from the proposition above by induction on r. For the 
converse note that every chief filtration of a p-group containing G as a subgroup 
induces a chief filtration of G, and that every central filtration is invariant under 
inner automorphisms. □ 

Criterion (3) may actually be relaxed slightly: 
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Lemma 2.15. Suppose there exists a finite-length central filtration G ~ {Gj} 
of G which is ipt-invariant for each i and such that for each j there is a p-group Hj 
containing Lj{G) as a subgroup and for each i an extension of the partial automor- 
phism Lj((pi) of Lj{G) induced by (pi to an inner automorphism of Hj. Then there 
exists a p-group H which contains G as a subgroup such that each ipi extends to an 
inner automorphism of H . 

Proof. For each j there is a chief filtration Gj = {Gjk} of the jth layer Lj{G) 
of G which is ((^i)-invariant for each i and such that 

Lj{ipi){a) = a mod Gj^k+i for all i, j, k and a £ Lj{Ai n G) H Gjk- 

For each j let iTj : Gj — > Gj/Gj+i = Lj{G) be the natural epimorphism. Then Gj 
lifts to a complete filtration G* = nJ^{Gj) of Gj. The G* combine to a complete 
filtration G* of G: 

G = Gil > GI2 > ■■■ > G*j. > G*t.^i > ■■ ■ > Gji^+i = Gj+i > ■ ■■ 

This filtration refines G and hence is central. Moreover, for k < Ij = length of Gj, 
the fcth layer of G* is Lk{G*) = Lk(Gj) = Z/pZ. whereas for k > Ij the fcth term 
of G* is Gj+i, and 

ipi{a) = a mod G* for all i, j, k and a G AiD G*^. 

Hence G* is a chief filtration satisfying condition (3) in Corollary 12. 141 □ 

As an application of this lemma we obtain: 

Corollary 2.16. Suppose G is abelian, and let H be a subgroup of G contain- 
ing all Ai and Bi {i = 1, . . . ,r). Then the following are equivalent: 

(1) There are a p-group H* > H and extensions of each ipi to an inner auto- 
morphism of H* . 

(2) There are a p-group G* > G and extensions of each ipi to an inner auto- 
morphism of G* . 

Proof. Clear (2) implies (1). Suppose conversely that (1) holds. Then G > 
H > I is a central filtration of G satisfying the conditions of the previous lemma, 
which yields (2). □ 

This corollary immediately implies: 

Corollary 2.17. Suppose G is abelian, and let ip[: A[ ^ B[ (i = 1, . . . , r) be 
partial automorphisms of an abelian p-group G' . Let ^: G G' be a morphism 
which, for i = 1, . . . ,r, restricts to morphisms Ai — > A'^ and Bi — >■ B'^ making 




A 



commutative. If $ is injective and 

(G,ii, ...,tr: t.Oit'^ = Lpiioi) fori^l,...,r, QiE A,) 
is residually p, then 

{G',ti,...,tr:t,a'it~^ =^',{a'i) for i ^ 1, . . . ,r, G A^) 
is residually p. 
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This fact will be used in the next chapter, however only in the trivial case where 
G and G' are elementary abelian p-groups. We would like to take the opportunity 
to stress that the analogue of the last corollary without the requirement that <!> be 
injective is false, as a simple example based on permutation matrices shows: 

Example. Let p = 3, and consider G = and its subgroups A = Fp © Fp © 0, 
-B = Fp © © Fp. Let ip be the automorphism of G given by ^(x, y, z) = (y, z, x). 
Then has order 3, and restricts to an isomorphism ip: A ^ B. Hence the HNN 
extension 

H := {G,t : tat^^ = p{a) for aU a e A) 
of G with associated subgroups A, B identified via ip is residually 3. Now consider 
the morphism <i>: G G" = Fp given by ^{x,y, z) — {x,y + z). Then $ restricts 
to isomorphisms A ^ G' and B ^ G' , and if we let ip' be the automorphism of G' 
given by f'{u, v) = (v, u), then ip' o {^\A) = ^otp. Hence $ gives rise to a surjective 
morphism 

H ^ H' := {G',t: ta'r^ = ip'{a') for all a' £ A'). 
However, H' is not residually 3, since pi' has order 2. 

This phenomenon forced us to include the condition that the morphisms $„ 
arising in the definition of a p-potcnt filtration of a group (cf . Section ll.l.Sp to be 
injective. 
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Residual Properties of Graphs of Groups 

Wc say that a filtration G = {Gt)}t,ey(y) of a graph, of groups Q with underlying 
graph Y is p- excellent if 

(1) G is normal with [G^ : < oo for each v G V{Y) and n > 1; 

(2) G, construed as a complete filtration of Gi, is p-potent; 

(3) G is separating; 

(4) G separates the edge groups of Q ; and 

(5) for each e G -B(i^), the filtration G((e) intersects to a uniformly p-potent 
filtration on the subgroup fe{Ge) of Gf^e}- 

The main result of this chapter is: 

Theorem 3.1. Let Q be a graph of finitely generated groups admitting a p- 
excellent filtration. Then 'Ki{Q) is virtually residually p. 

Wc prove this result in the last section of this chapter. After some general facts 
concerning residual properties of fundamental graphs of groups (Scction l3.1|) we first 
establish a useful criterion for fundamental groups to be residually p (Section 13. 2p 
and introduce an unfolding procedure on graphs of groups (Section 13. 3p . 

3.1. Root properties and fundamental groups of graphs of groups 

Following jGru57j , we say that a property *p of groups is a root property if 

(1) every subgroup of a group with property *p has property *P; 

(2) every direct product of two groups with property has property CP; 

(3) if G is a group and K < H < G are such that G/H, H/K have property 

then K contains a subgroup L, normal in G, such that G/L is *p. 
Important root properties are: solvability, finiteness, and having order a power of 
a given prime p (see [Gru57j ). (Nilpotence does not satisfy (3) and hence is not a 
root property.) This notion is tailor-made for the proof of the following lemma to 
go through: 

Lemma 3.2. [Gru57( Lemma 1.5] Let T be a group and N <iT, and let *P be 
a root property. If the group N is residually *P and T/N has property Cp, then T is 
residually 

In the rest of this section we let *p be a root property, we let C/ be a graph of 
groups based on a graph y, and write G = 7ri(C/). We are interested in conditions 
which force G to be residually ^p. In the rest of this section we assume that *p 
is residually satisfied by every finitely generated free group. Of course, the case 
where ^ is the property of having p-power order is the one of most interest for 
us, but the extra generality comes at little additional cost, and might be useful for 
further applications. Probably the most interesting example for a root property *p 
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of the type considered here which does not include the condition of finiteness is the 
property of being a solvable group. In connection with this it is worth noting that 
there is a distinction between "residually solvable" and "residually finite solvable" : 
there do exist finitely presentable solvable groups which are not residually finite, 
cf. |Ba73j . 

If each vertex group of is a p-group, then G always has a free (but not 
necessarily normal) subgroup whose index is the least common multiple of the 
orders of the vertex groups (hence a power of p), cf. jSeSOi II. 2. 6, Lemmas 8 and 
10]; to have a free normal subgroup of p-power index is equivalent to G being 
residually p. More generally: 

Lemma 3.3. Suppose that each vertex group of Q is a finite ^-group. Then the 
following are equivalent: 

(1) G has a free normal subgroup N such that G/N has 

(2) G is residually *p. 

(3) There is a morphism ip: G ^ P to a ^-group P such that iJj\Gy is injective 
for every v € V{Y). 

Proof. The implication "(1) (2)" follows from Lemma 13.21 and the as- 
sumption that free groups are residually *p. Suppose G is residually *p. Then for 
every v £ V{Y) and g £ G v \ {1} there is a normal subgroup Ng of G with G/Ng 
satisfying *p and g ^ Ng. Let N be the intersection of all Ng as g ranges over 
^vev{Y) \ {^}- Then is a normal subgroup of G with G/N satisfying *p, 
and the natural morphism ip: G ^ G/N is injective on each Gt,. This shows 
"(2) ^ (3)." Finally, given V': G P as in (3), the kernel of -0 is a normal 
subgroup of G with G/N satisfying *p, and N is free by |Se80| II. 2. 6, Lemma 8]. 
This shows "(3) ^ (1)." □ 

Remark. The proof of the imphcations "(3) ^ (1) ^ (2)" did not use the 
finiteness of the G^, and the proof of "(2) (3) (1)" is valid without assuming 
that free groups are residually 

Corollary 3.4. Let H be a normal subgroup of G such that G/ H satisfies 
Then ■ni{Q /%) is residually *P, where H = {HO Gu}v£V{Y)- 

Proof. The unique morphism tti{Q/H) G/H making (|1.4I) commutative is 
injective on each vertex group Gi,/Hy of Q/T-L. so tti{Q /H) is residually *p by the 
implication "(3) ^ (2)" in Lemma l373l (the proof of which didn't need finiteness of 
the Gy/Hy). □ 

Digression: trees of elementary abelian p-groups. Suppose the underly- 
ing graph y of is a tree, and fix a vertex vq oi Y. Assume that for each edge e 
of Y, the morphism fg o f^^ extends to an isomorphism : G^ie) ~^ G't(e), such 
that (ySjT^ = for all e. For each vertex v oiY wc then have an isomorphism 
Lpy'. Gy ^ Gug given as the composition 

where (ei, . . . ,e„) is the geodesic in Y from v to wq- In particular, ip^^ = idG„ , 
and </?t(e) o /e = Vt(e) ° /e for every edge e of Y . This yields a simple but useful fact 
about the iterated amalgamated product G = 7ri(t/): 
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Lemma 3.5. There exists a unique morphism Lp: G 
vertex v of Y , the diagram 



Gvq such that for each 



G- 



Gy 




Gy 



commutes, where Gy G is the natural morphism. 

The following application (not used later) of Lemmas 13.31 and |3 . 51 is implicit in 
[CM05j . A finite group F is homogeneous (in the sense of model theory) if every 
isomorphism between subgroups of F is induced by an automorphism of F. Finite 
homogeneous groups have been completely classified |CFOO| : for example, given a 
prime p, the group of the form Z/p'^Z© • • • © Z/p'^Z (for some k) are homogeneous, 
and if p is odd, then these are the only homogeneous p-groups. (There are two 
non-abelian homogeneous 2-groups.) 

Corollary 3.6. Suppose Y is a tree, every vertex group Gy is a finite homo- 
geneous ^-group, and Gy = Gy, for all v,w € V{Y). Then G has a free normal 
subgroup N with G/N = Gy, hence G is residually *p. 



3.1.1. Hempel's criterion. The following is a generalization of the criterion 
for residual finiteness of fundamental groups of graphs of groups found in |Hem87l 
Theorem 3.1] and, with a different proof, in |Sh87| (see also |Se80[ Section IL2.6]). 
It unifies and generalizes several criteria for groups to be residually p in the lit- 
erature. (For example, it can be used to easily deduce jKM93| Corollary 3.5, 
Theorems 4.2 and 4.3].) 

Proposition 3.7. Suppose that the following hold: 

(A) For each vq G V{Y) and each g G there is a compatible collection 
T-L = {Hy}y^v[Y) of normal subgroups such that g ^ Hy^ and 'ni{Q /%) is 
residually *p. 

(B) For all ei, . . . , Cn G E{Y) and gt G Gt^a) \ /e; (Ge; ), i ~ 1, . . . , n there 
exists a compatible collection % — {Fiv}y^v(Y) of normal subgroups such 
that gi ^ ^t(ei) ■ feiiGci) for i = 1, . . . ,n and iti{Q /%) is residually *p. 

Then G is residually *p. 



Proof. In this proof % ranges over all compatible collections of normal sub- 
groups such that ■ni{Q/'H) is residually *p. The natural morphisms tt^ : T^iiQ) — >■ 
T^iiQ /T~L) combine to a morphism 

-K-.G^G* ■.= Y{TTi{G/n). 

Since G* is residually *p, it is enough to show that tt is injective. Let g 7^ 1 be an 
element of G, and represent g by a path 

7 = (50,61,31,62, . . . ,e„,5„) 

in Q as in Section [1.2.21 Then T^uid) is represented by the path 

7rw(7) (tth (go), 61,71^(51), 62,..., e„,7r«(5„)) 
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ill G/T~L- Moreover, if 7 is reduced, then assumptions (A) and (B) yield that for 
some "H, the path 'K'h{'^) is reduced as weU, in particular Truig) 7^ 1- Therefore we 
have 7r(g) 7^ 1. □ 

We do not know whether in general we can simplify condition (B) by requiring 
this condition to hold only for a single edge at a time (i.e., for n = 1). Next, we 
indicate a few situations where this is possible. The first one concerns the case 
where we can choose all subgroups in H to have finite index: 

Corollary 3.8. Suppose that the following hold: 

(A') For each vq € V{Y) and each g G G't,„\{l} there is a compatible collection 
Ji = {Hy}jj^v(Y) of finite index normal subgroups such that g ^ H^^^ and 
T^iiQ/H) is residually ^ . 
(B') For all eo € E{Y) and g £ Gt[e^) \ feo{Gea) there exists a compatible 
collection % = {Fiy}y^v(Y) of finite index normal subgroups such that 
g 4- Ht(eo) ■ feoiGeo) and Tri{g/H) is residually «p. 
Then G is residually *p. Moreover, every vertex and edge group of Q {identified 
with a subgroup of G in the natural way) is closed in the pro-^ topology on G. 

Recall here that the pro-*P topology on a group F is the topology with funda- 
mental system of neighborhoods of 1 given by the normal subgroups N <i T with 
T/N a <P-group. 

The first statement in this corollary is a consequence of Proposition 13.71 and 
the following lemma, for which we let Hi = {Hiv}v(zY(^Y) (* = 1:2) be compatible 
collections of normal subgroups, and set 

•Hi n n2 ■■= n H2v}yev(Y)- 

Then Hi is a compatible collection of normal subgroups, and we have a natural 
group morphism 

^i(^/(Hi n H2)) ^ 7:i{g/ni) x ^1(^/^2) (3.i) 

which is injective on vertex groups. 

Lemma 3.9. Suppose Gy/Hiy is finite for i = 1,2 and every vertex v. If 
T^iiG/T-ti) and '!ri{Q /'H2) are residually'^, then so is TTi{g/{'Hi C\%2)). 

Proof. Suppose ni{Q/'Hi) and ■ni{Q /'H2) are residually *p. Since we have 
[Gu : Hiv] < 00 for i = 1,2 and all v, by Lemma 13.31 there exist group morphisms 
"01- T^iiG /'Hi) — Pi to *:p-groups Pi such that ipi\{Gv/Hiv) is injective, for i = 1,2 
and all v. Composing with the morphism (j3.ip . we obtain a group morphism 
T'i{G/{'Hi n H2)) — > Pi X P2 which is injective on vertex groups, and this shows 
(again by Lemma [33| that ^^{Q /{Hi n I-L2)) is residually *p. □ 

For showing the second statement in Corollary 13. 81 we use the following simple 
observation (the proof of which we skip): 

Lemma 3.10. Suppose T is a residually *p group, and let IS. be a finite subgroup 
of F. Then for every 7 G F with 7 ^ A there exists a morphism (p: T ^ P to a 
^-group such that (j){"/) ^ '/'(A). 
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Proof of Corollary 13.81 As remarked, the first statement in tliis corollary 
follows from Proposition 13.71 and Lemma [3.91 Let g G G \ Gv„, vq E V{Y). By 
the proof of Proposition 13.71 there exists a compatible collection H of finite index 
normal subgroups such that 7Ti{Q/'H) is residually *p and T^nig) ^ '^niGva)- Since 
Gvo I is finite, there exists a morphism : tti (tJ/'H) P to a *P-group such that 
4>{^n{g)) ^ 4'{Gvo/Hvo) — (I){'k-h{Gvo))i by Lemma [3. 101 Hence is closed in G. 
Similarly ones sees that each edge group of Q is closed in G. □ 

If all the edge groups Ge of Q are trivial, then every collection {Hy\^izv{Y) of 
subgroups Hy < G^ of the vertex groups is compatible, and if Hi = {-ffit;}t,ev'(y) 
(i = 1, 2) are collections of normal subgroups, then the morphism p.ip is injective; 
hence if in addition the fundamental group of Q j'H.i is residually *p for i = 1,2, then 
so is the fundamental group of G /{T~Li r\H2)- So in this special case, ProDOsition l3.7l 
also simplifies: 

Corollary 3.11. Suppose that Ge = 1 for every e € E{Y). If Q satisfies 
condition (A) in the previous proposition, then G is residually Cp. 

We record two (presumably well-known) consequences: 

Corollary 3.12. The fundamental group of every graph of groups whose vertex 
groups are residually *P and whose edge groups are trivial is residually Cp. 

Proof. By the previous corollary, it is enough to show that if vq £ V{Y) is 
such that Gv„ is a CP-group and Gy = 1 for all v € V{Y) with v ^ vq, and Ge = 1 for 
all e G E{Y), then G is residually However, this is immediate by the equivalence 
of (3) and (2) in Lemma [531 □ 

In particular, the previous corollary shows that the free product of finitely many 
residually p groups is residually p, and (combined with Theorem 1 1.15|) that the free 
product of finitely many virtually residually p groups is virtually residually p. 

Corollary 3.13. Assume that all vertex groups of Q are residually Cp, and 
suppose there exists a morphism ip: G = T^iiQ) P to a finite ^-group P which is 
injective when restricted to each subgroup /e(Ge) o/G. Then G is residually Cp. 

Proof. By Theorem 11.151 the kernel TV of ■0 is the fundamental group of a 
graph of groups whose vertex groups are of the form N D Gy, and whose edge 
groups are of the form N n fe{Ge)- However, since ip\fe{Ge) is injective, we have 
Nnfe{Ge) = {1} for each e. Thus N is the fundamental group of a graph of groups 
with residually Cp vertex groups and trivial edge groups. Hence N is residually *p 
by Corollarv l3.12l and so G is residually Cp by Lemma [3.21 □ 

Finally, we note that in later sections, we will apply Proposition l3 . 71 with the H 
coming from a filtration of t/; in this case, this proposition reads as follows: 

Corollary 3.14. Let G be a normal separating filtration of Q which separates 
the edge groups of Q , such that 7ri(5/G„) is residually Cp for every n > 1. Then G 
is residually Cp. 

Digression: necessity of conditions (A) and (B). (The material in the 
rest of this section is not used later.) It is interesting to ask whether the conditions 
(A) and (B) in the previous proposition are necessary for G to be residually Cp. 
From CoroUarv 13.41 we immediately obtain: 



48 



3. RESIDUAL PROPERTIES OF GRAPHS OF GROUPS 



Lemma 3.15. IfG is residually *p, then Q satisfies (A). 

The situation for condition (B) is slightly less clear. Here we can only show: 

Lemma 3.16. Suppose for each edge e G E{Y), either 

(1) the subgroup fe{Ge) of Gt(e) is maximal with respect to being verbal with 
respect to a collection We of words; or 

(2) Gt(e) is abelian and fe{Ge), feiGe) are proper subgroups of Gt[e)! Gt(j), 
respectively. 

If G is residually then Q satisfies (B). 

In this context, recall the following definition: 

Definition 3.17. Let 14^ be a collection of elements of a free group F ( "words" ). 
A group F is verbal with respect to W if every morphism F maps each w &W 
to 1. For example, a group F is verbal with respect to = {xyx^^y^^} if and 
only if F is abelian. 

Wc have the following generalization of a lemma from |LN91| : 

Lemma 3.18. Suppose T is a group and H is a subgroup ofT. Assume that F 
is residually *P and H is verbal with respect to a collection of words W. Then 

H* := f]{H ■ K : K <r and T/K has property ^} 

is also verbal with respect to W . 

Proof. For a normal subgroup K of F. every substitution of elements oi H ■ K 
into a word from W yields an clement of K (since such an clement maps to 1 under 
F — )• T/K). Since F is residually Cp, the intersection of aU K < F such that T/K 
has property *P is trivial. Hence H* is verbal with respect to W^. □ 

Wc now prove Lcmma r3.16l So suppose G = t^i{G) is residually Let e be an 
edge of Y, and g £ Gi, \ fe{Ge), where v = t{e). In order to establish (B) it suffices 
to show: there is K < G such that G/K is a *P-group and g ^ fe{Ge) ■ (K n Gy). 
To see this note that if Ki <! G arc such that G/Ki is a *P-group, i = 1,2, then 
G/{Ki n A'2) is also a *P-group, and use Corollarv l3.4l 

Assume first that feiGe) is a maximal subgroup of Gy with respect to being 
verbal with respect to some We. Considering H := fe{Ge) as a subgroup of G, 
we see that H* as defined in Lemma 13.181 is verbal with respect to W , hence 
H* r\Gy = H . Thus there is some K < G such that G/K has property ^ and 
giH-iKHGy). 

Suppose next that G^ (w = o(e) = t{e)) is abelian and fe{Ge), fe{Ge) are 
proper subgroups of G„, Gw, respectively. Choose h G Gw\fe{Ge). We may assume 
that our base point wq for G = ■ni{Q,vo) agrees with w. Then u := [ege~^,h] = 
eg~^eh~^egeh is an element of G which is not the identity. Hence there is some 
K <G such that G/K has property *p and u (/ K. This yields g i fe (Ge) ■ (KnG.,,): 
otherwise g = fe{9e) mod K for some ge £ Ge, so ege^^ = f-{ge) mod K and hence 
u = [fe{ge), h] = l mod K since G^ is abelian, a contradiction. 

In both cases we found A' < G such that G/K is a *P-group and g ^ feiGe) ■ 
[K n Gi,) as required. □ 

Given an orientable 3-manifold N with incompressible toroidal boundary, the 
fundamental groups of the boundary components of N are maximal abelian sub- 
groups of 7ri(A''); cf. Lemma l4.15l below. This fact in combination with Lemmas l3.15l 
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Figure 1. Universal property of S(C/). 

and 13.161 (1) shows that in proving that the fundamental group of a 3-manifold is 
residually *p, we essentially have to use Proposition 13. 71 

Corollary 3.19. If N is 3-manifold which is closed, orientable, and prime, 
with non-trivial JSJ decomposition, then tti (N) is residually if and only if the 
graph of groups Q associated to the JSJ decomposition of N satisfies conditions (A) 
and (B). 

(See Section 14.3.4.21 for the definition of the graph of groups Q.) 

3.2. A criterion for being residually p 

We now would like to apply the results of the previous chapter to establish a 
criterion for fundamental groups of certain graphs of groups to be residually p. This 
is Theorem 13.251 at the end of this section. Before we can formulate this theorem, 
we need to introduce a generalization of the fiber sum construction, which is then 
used to define the "partial abelianization" of a fundamental group of a graph of 
abelian groups. 

3.2.1. The fiber sum of a graph of abelian groups. Let Q he & graph 
of abelian groups, and let £'+ be an orientation of its underlying graph Y . The 
injective morphisms 

Ge Gt(e) ® Gt(e) ■ 9 ^ fe{g) - fe{g) 

combine to a natural morphism 

eeE+ veV{Y) 

whose cokernel we call the colimit of G- (Indeed, S(t/) may be seen as the 

colimit, in the sense of category theory, of a certain diagram of abelian groups.) 
The colimit of Q is determined, up to isomorphism, by the following universal 
property: for every abelian group H and every collection {ipv- G^ — s- H}vev{Y) of 
morphisms with the property that for each edge e G i?+ , the diagram in Figure [T] 
commutes, there exists a unique morphism tp: T,{Q) ^ H such that ip^ = '4'° for 
all V G V{Y), where iy : Gy T,{Q) is the natural morphism. Also note that T,{G) 
does not depend on the choice of orientation £'+ of Y. 
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If y is a tree, we also speak of the fiber sum I]{Q) oi Q . li Y has exactly two 
vertices vo, vi and one topological edge {e,e}, then is indeed the fiber sum 

of Gyg and Gy-^ over Ge as introduced earlier. More generally, if vq is a terminal 
vertex of Y (i.e., there is only one edge e with t(e) = vq), then in a natural way 

= G,„o ©G. ^{G\Y'), 

where e is the edge of Y with t{e) = uo, and y' = F \ {vq}. By induction on the 
number of vertices of Y , this yields in particular: 

Lemma 3.20. Suppose Y is a tree. Then for each v G V{Y), the natural 
morphism G^ is injective. 

If y is a tree, then the fiber sum of G may also be identified with the abelian- 
ization of the fundamental group G oi G', more generally: 

Lemma 3.21. Let T be a maximal subtree ofY, and E :~ E{Y)\E{T). Suppose 
k{e) °/e = '-o(e) ° fe for all e € E, where l^: G^ Yi{G\T), v G ViY), is the natural 
morphism. Then there is a natural isomorphism 

Gab = i/i(G;Z)-^I](g|T)eZ« {e^\E\/2). 

If for some prime p, all Gy are elementary abelian p-groups, then we have 

Hi{G-¥p) = ^{G\T)®Vl. 

This follows easily from the Mayer- Vietoris sequence associated to a graph of 
groups (cf. Section [l.2.7p . 

Remark. Note that under the assumption of the previous lemma, for each 
vertex u, the natural morphism Gv — )■ G induces an injective morphism Gv = 
Hi{Gy;Z) Hi{G;Z). This conclusion can also be achieved under a weaker 
hypothesis on G- it is enough to require that there exists a morphism G — > A to an 
abelian group which is injective on the vertex groups of G (since such a morphism 
factors through G — >■ Hi{G; Z)). Similarly, if there exists a morphism G — )• A to an 
elementary abelian p- group which is injective on the vertex groups of CJ, then the 
induced morphisms i?i(G„;Fp) — > Hi{G;¥p) are injective. 

3.2.2. Partial abelianization. Let be a graph of groups based on the 
graph y. Let T be a maximal subtree of Y, let E = E{Y) \ E{T), and let E+ be 
an orientation of E. From Section [1.2.21 recall that the fundamental group G oi G 
may be identified with the iterated HNN extension 

7ri{G,T) = (niiGlT), e € E+ : eae~^ = ^^(a) for all e e E+, a e Ae) 
of TTi{G\T), where 

= f-of-' : A, := /e(Ge) ^ Be := /-(G-) (e G E+). 
Suppose now that all vertex groups of G are abelian. We let 

7rl(^,r) = (S(a|T), eeE+: eae^^ = ipe{a) for aU e G a G A^). 
The natural morphism 

7ri(5|T)^iJi(7ri(e|T)) = E(5|r) 

extends to a morphism G = tti{G,T) — >■ ttI{G,T), which is injective on the vertex 
groups of G- The natural morphism G — )■ Gab factors through G —J- ttI{G,T). For 
this reason we call Trl{G,T) the partial abelianization of G along T. Note that 
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although 7ri(tJ,T) is independent (up to isomorphism) of the choice of T, simple 
examples show that the group t^HG, T) in general depends on T. 

In the following let *p be a root property such that free groups are residually *p. 
By Lemma |3.3[ we have: 

Lemma 3.22. Suppose all vertex groups of Q are finite abelian groups. If 
7r^(CJ,T) is residually then G = t:i{G,T) is also residually *p. 

We do not know whether the converse of the implication stated in the previous 
lemma holds in general; however, we do have: 

Lemma 3.23. Suppose there exists a morphism G ^ P to a finite abelian 
group P, which is infective when restricted to each vertex group Gy of Q . Then 
■n\{Q,T) is residually^. 

This is a consequence of Corollary 13.131 and the following observation: 

Lemma 3.24. Let ip : G ^ P he a morphism to an abelian group P. Then there 
is a morphism 7r*(5,T) — ^ P which agrees with ip on each vertex group of G and 
such that e H- 1 for e S i?+ . 

Proof. By the universal property of the fiber sum, the restriction of -0 to a 
morphism Tri{G\T) — > P factors through a morphism 'S{Q\T) P. Since P is 
abelian, this morphism extends to a morphism 7rl{Q,T) ^ P by e i-^ 1 for e e i?+ 
which has the required properties. □ 

3.2.3. The reduction theorem. Let Q he a graph of finitely generated 
groups with underlying graph Y , and let G be a central p-filtration of Q. Recall that 
the nth layer Ln{G) of G is the graph of groups whose underlying graph is also Y 
and whose vertex and edge groups are the elementary abelian p-groups L„{Gy) 
and L„(Ge), respectively, with edge morphisms i„(/e). Fix a maximal subtree T 
of Y. For every n > 1 we can form the partial abelianization TTl{Ln{G),T) of the 
fundamental group of _L„(G) along T. 

The following important theorem is the culmination of the results obtained so 
far in this paper. Essentially, it reduces the question whether 7Ti{G) is residually p 
to finding a filtration G such that the partially abelianized fundamental group of 
the first layer Li{G) of G is residually p. 

Theorem 3.25. Suppose the following hold: 

(1) G is p-potent; 

(2) for each e, Gt(e) intersects to a uniformly p-potent filtration on fe{Ge); 

(3) Trl{Li{G),T) is residually p. 

Then 7ri(t//G„) is residually p for each n > 1. If in addition G is separating and 
separates the edge groups ofQ, then G = i^iiQ) is residually p, and the vertex and 
edge groups of Q are closed in the pro-p topology on tti{G). 

For the proof of this theorem we first show that its hypotheses imply that 
the partial abelianization of each layer of G is residually p (not only the first, as 
stipulated by condition (3)). Below, we continue to use the notation introduced in 
Section [3X2] above. For every edge e € E = E{Y) \ E{T) we equip A^, = fe{Ge) 
and i?e = f-{Ge) with filtrations -.^ A^ D Gt{e) respectively := n Gt(e), 
and let 

be the isomorphism induced hy (pe = fe ° fe^ ■ 
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Lemma 3.26. Suppose G satisfies conditions (l)-(3) in Theorem \3. 251 Then 
for each n>l, the group TTl{Ln{G),T) is residually p. 

Proof. By (1) and (2) wc can take injcctivc Fp-linear maps 

Li(G„) ^L„+i(G„) {veV{Y)) 

such that for each edge e with t{e) = v, restricts to isomorphisms ii(Ae) — >■ 
L„+i{Ae) and Li{Be) i,i+i(JBe), and the diagram 

Ll(Ae) -il(Be) 

commutes. The $„^„+i give rise to an infective Fp-Hnear map 

E(Li(G)|r)^I](L„+i(G)|r) 

which restricts to isomorphisms Li{Ae) — > L„+i(Ae) and Li{Be) — > L„+i(JBe) 
(after identifying Li{Ae) and Li[Be) with subgroups of Li{Y,{G\T)) as usual). 
This morphism extends to a morphism 

7rI(Li(G),T)^7rI(L„+i(G),r) 

by the identity on Therefore, since the group 'k\{Li{G)^T) is residually p (by 
assumption (3)), so is tt^^ (i„(G), T) for each n > 1, by Corollary 12. 171 □ 

We will deduce Theorem 13.251 from the following proposition: 

Proposition 3.27. Assume that each vertex group of Q is a p-group and G is 
of finite length. Suppose moreover that TTl{Ln{G),T) is residually p for every n> 1. 
Then G is residually p. 

Let us sec how this proposition yields Theorem l3.25l So suppose conditions (1)- 
(3) hold. By Lemma r3.261 the groups tt^ (L„(G), T) arc residually p, for each n > 1. 
By the proposition applied to Q / G„ in place of G and the filtration of ^/ Gn of 
length < n given on vertex groups by 

Gvl/Gyn ^ Gy2/Gyn ^ ' ' ' ^ Gy,n~l /Gyn ^ 1, 

we obtain that tti{Q /Gn) is residually p, for each n>l. This is the first conclusion 
of Theorem 13.251 The rest of the theorem follows from this and Corollaries 13.141 
and 13.81 of Proposition 13.71 

It remains to give a proof of Proposition 13.271 For this, we need a consequence 
of the main results of Section 12.11 

Lemma 3.28. Suppose Y is a tree, all vertex groups of Q are p-groups, and G 
has finite length. Then there exists a p-group P, a finite-length central p- filtration P 
of P , and for each v S V{Y) a group embedding ip^ : Gy — )■ P and a compatible 
stretching G* = {G*}^ of G such that 

(1) V't(e) ° fe= Tpt(e) ° fe for cvcry 6 G E{Y); 

(2) ipy is a morphism {Gi,,G%) — > {P, P) of filtered groups, for every v G 
V{Y); 
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(3) for each n > 1, after naturally identifying each vertex group L„(G*) of 
the tree Ln{G*) of elementary abelian p-groups with its image in Ln{P), 
the latter group contains the (internal) fiber sum T,{L„{G*)) of Ln{G*). 

In particular, G = 7ri(^) is residually p. 

Proof. The proof of the first statements proceeds by an obvious induction 
on the number of vertices of using Proposition 12.21 in the inductive step. The 
existence of the family of group embeddings ipv'- Gy P satisfying (1) together 
with Lemma 13.31 yields that t^i{Q) is residually p. □ 

With this lemma in hand, we now turn to: 

Proof of Proposition 13.271 Note that the hypotheses of the proposition 
are preserved under passage from G to a compatible stretching. (Since free groups 
are residually p.) Thus, by Lemma [3.281 applied to the tree of groups Q\T in place 
of we may assume that there exists a morphism -0 : ■ki{Q\T) — >■ P to a p-group P 
and a finite-length central p-filtration P of P such that 

(1) -0 o /e = t/; o /- for every e G E{T)\ 

(2) -0 restricts to an injective morphism [G^, Gi,) (P, P) of filtered groups, 
for every v € ViY); and 

(3) Ln{P) > E(L„(G)|T) for each n> 1 (after naturally identifying each ver- 
tex group Ln{Gy) of Ln{G)\T with its image in L„{P) under Ln{'ip\Gy)). 

For e G E define 

The filtration P of P is ^e-invariant, for each e & E. For each n > 1, the iterated 
HNN extension 

7ri*(L„(G),r) - 

(S(i„(G)|T), e£E+: eae^^ = L„((^e)(a) for ah e e E+, a e L„{Ae)) 

of Y,{L„{G)\T) is residually p, by assumption, hence by Corollary 12.161 (or simply 
because I](L„(G)|r) is a direct summand of the Fp-linear space P„), there is a 
p- group containing P„ and an extension of each Ln{ipe), e € E+, to an inner 
automorphism. Hence by Lemma 12.151 there is a p-group Q > P and for each 
e € E^ an clement he £ Q such that heah~^ = 'ipeici) for all e G i?+ and a G 'ip{Ae). 
Hence ip extends to a morphism G — ^ Q by e i— > /ig for all e € E^ and so by 
Lemma 13.31 G is residually p. □ 

In Section r3.4l we use the theorem above to prove a criterion for the fundamental 
group of a graph of groups to be virtually residually p. A last missing ingredient is 
a procedure on graphs of groups introduced in the next section. 

3.3. Unfolding a graph of groups 

Let G he a graph of groups with underlying graph Y and fundamental group G = 
7ri(5). Suppose 0: G — >■ A is a surjective group morphism to a finite group A 
which is trivial on each vertex group Gy oi G- By Theorem 1 1.15[ the (finite index, 
normal) subgroup K = Ker(?/') of G can also be realized as the fundamental group 
of a certain graph of groups whose vertex and edge groups are given by the vertex 
respectively edge groups of G- We need an explicit description of such a graph of 
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groups G, which may be thought of as a kind of "unfolding" of G along 'ip- We begin 
with a description of the underlying graph Y oi G- 

3.3.1. Unfolding a graph. Let F be a graph; we write V ~ V{Y) and 
E = E{Y). We denote by t^i{Y) the fundamental group of Y, i.e., t^i{Y) = T^i{y) 
where y is the graph of groups based on Y with trivial vertex groups. We fix a 
maximal subtree T of Y, and identify tti (Y) with tti {Y, T) := tti {y, T) as indicated 
in (HH. 

Let ^ be a finite group and ip ■ ""i (Y) — > A a surjective group morphism. Note 
that then ip extends uniquely to a group morphism ^{y) — >■ A. (This depends on 
the choice of T.) Here 7r(3^) is the path group of 3^, i.e., the group generated by E 
subject to the relations = e for e G _E. We have V'(e) = 1 for all e G E{T). 

Let now Y be the finite graph with vertex set V{Y) = A x 1/, edge set E{Y) = 
Ax E, and 

(a, e) = (V'(e)a, e), o(a, e) = (a, o(e)), e) = (V'(e)a, t{e)) 

for all (a, e) £ i^(i^)- It is easy to see that Y is connected since 'ip{E) generates the 
group A. We have a natural morphism (f>: Y Y oi graphs given by 

V{Y) ^ A-xV ^V: {a,v) ^ v, E{Y) ^ AxE ^ E: {a,e)^e. 

We call (f) the unfolding of the graph Y along ijj. Ostensibly, (f) seems to depend 
on the choice of T. However, it is not hard to see (e.g., using covering spaces and 
Proposition 13.291 below) that in fact, given another choice Ti of maximal subtree 
of Y and (pi : Yi ^ Y constructed as above, there exists an isomorphism $ : F — >■ Yi 
of graphs such that 0i o $ = 0. If F is a tree (so Y = T), then the group T^iiY) 
and hence A is trivial, and Y is naturally isomorphic to the original graph Y . 

Digression: unfolding of graphs and Cayley graphs. There is an obvious 
connection between unfolding of graphs and Cayley graphs of finite groups, as 
explained in the following example (not used later): 

Example. Recall that given a generating set 5 of a group F, the Cayley graph 
of F with respect to S is the oriented (possibly infinite) graph C ~ C(F, S*) with 
vertex set V{C) = F, orientation E{C)+ = F x 5, and 

0(7, s) = 7, t(7, s) = 7s for each (7, s) G F x S*. 

Let E+ be an orientation of Y; then ip{E+) generates A, and _E(y)+ ~ A x E+ is 
an orientation of Y . Thus the natural surjections 

V{Y) ^ AxV ^ A: {a,v)^ a 

and 

E{Y)+ ^AxE+^ E{C)+ =Ax i'{E+) : (a, e) (a, V(e)) 

define a morphism Y ^ C — C{A,i(;{E+)) of graphs. In particular, if Y has only 
a single vertex, and ^\E is injective, then Y is nothing but the Cayley graph of A 
with respect to its generating set ip{E+). 
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3.3.2. Unfolding a graph of groups. We continue to use the notation in- 
troduced in the last subsection, but assume in addition that we are given a graph of 
groups Q based on Y . We define G as the graph of groups with underlying graph Y, 
vertex respectively edge groups 

G{a,v} — Gy, G(a.e) — Ge for sXl a £ A, V ^ V , € <E E , 
and edge morphisms 

/(a,e) = /e for all (a, e) G E{Y). 

There is a natural morphism Q Q oi graphs of groups with underlying morphism 
of graphs (j): Y — > Y, which is the identity on each vertex group Gi^a,v) = G^ 
and on each edge group G(a,e) = Ge- This morphism, also denoted by 0, yields 
a surjective morphism t:{Q) — > 7r(fJ), which restricts to a morphism 0* : i^iiG) 
T^i^Q) = G between fundamental groups. We call (j) the unfolding of Q along rp. In 
the proposition below we continue to denote the extension of tp: 7ri(y, T) — > A to 
a morphism 7ri(C/, T) A with .g i— > 1 for g G Gy, v G V, by the same symbol. 

The following proposition may also be proved easily using the topological in- 
terpretation of graphs of groups; we give a purely algebraic proof. 

Proposition 3.29. The morphism 0* is infective, with image K = Ker('!/)). 

Proof. Let Vq & V he a. base point of G, that is, G = tti{G,vo)- We choose 
(1, Vq) as our base point for tti{G) = t^i{G, (1, vq)). Let g be an element of tti{G)- 

g ^ go (ai, ei) gi (a2, 62) • • • (a™, en) gn] 

where gi G Gt(a,,e,), and 

{'ijj{ei)ai,t{ei)) = t{ai,ei) = o(a,i+i, ei+i) = (a.^+i, o(e.i+i)) {I < i < n) (3.2) 

and 

(-0(e„)a„,t(e„)) = <(a„,e„) = o(ai,ei) = (ai,o(ei)) = (l,?.'o). (3.3) 
Note that then 

Oi+i = '0(ei • • • ei) (1 < i < n) (3.4) 

by (1321) and 

an=V'(en)~^ (3-5) 

by (USD, so 

"0(0* (ff)) = V'(en • • - ei) = 1. 

Conversely, given an element g = 50 ei 5i 62 • • • e„ gn of K, defining as in p.4p 

and p.Sp yields an element 'g of 7ri(5) as above with = 1. This shows that 
4>*(t^i{G)) = K. Now suppose 37^!, and the representation of 5 above is reduced, 
that is, either 

(1) n = and go 7^ 1; or 

(2) n > and gi ^ )(G'(Q._ei)) for each i such that (a^+i, e^+i) = (a^, e^). 

Since (a^, e^) = (V'(ei)ai, el), the image 0*(5) = ffoeigie2 ■ ■ ■ e„g„ of g under 0* is 
also represented by a reduced path. Thus 0* is injective. □ 

The following simple observation is used in Section [3.41 
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Figure 2. Unfolding an HNN extension along a morpliisni to Z/sZ 

Lemma 3.30. Let ip: ni{Y) A be a morphism onto a finite group, and let 
4>: Q ^ Q he the unfolding of Q along ip. Let T-L = {Hv} be a compatible collection 
of normal subgroups of Q , and let Q /% — > G/'H be the unfolding ofQ/T-L along ip. 
Then G/'H = QI'H as graphs of groups, where TL = 

We leave the proof to the reader. 

Digression: unfolding an HNN extension. It might be instructive for the 
reader to see the unfolding procedure at work in a concrete simple example. (The 
material in this subsection is not used later.) Suppose the underlying graph Y oi G 
has only one vertex vq; we write Gyg E. The fundamental group of G is the 
iterated HNN extension 

G = {J:, eeE+: ef,{g)e-^ = f-{g) for ah e€E+,g€ G,) 

of E, where is an orientation of Y . In this case, the definition of the unfold- 
ing G oi G along ip given above simplifies somewhat: we may simply describe its 
underlying graph Y by V{Y) = A, E{Y) = A'x E, and 



{a,e) — {ip{e)a,e), o{a,e) — a, t{a,e) = ip{e)a, 

and we have 

Ga = E, G(^a,e) — Ge, f(a,e) = /ej 

for (a, e) G E{Y). Figure [5] illustrates this for the case where Y has only one 
topological edge {e,e}, and A = Z/sZ is cyclic, with ip := f^o /r^. 

Suppose now that A is a subgroup of Aut(E), and for each edge e of Y, the 
automorphism ip{e) £ A extends the partial automorphism /e o f^^ of E. Let T 
be a maximal subtree of Y, and identify each vertex group Ga with a subgroup 
of G := Tri{G,T) as usual. In this situation unfolding has the following desirable 
property: 

Lemma 3.31. There exists a morphism G — ^ E which is bijective on each vertex 
group Ga of G ■ 



Proof. For all {a,e) G E{Y), the isomorphism ip{e) extends f(a,e) ° f- 



-1 



(Q,e) 

/e o /^^, and the composition of the ip{e) along the geodesic ((ai, ei), . . . , (a„, e„)) 
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Figure 3. The tree of groups G\T in the proof of Lemma [33T] 

from the vertex a to 1 m T is the isomorphism Ga Gi given by ip{en • • • ei) = 
a^^. Hence by Lemma 13.51 there is a morphism 

^: niig\f)^Gi=J: 

which, for each a G A, extends a^^ (and hence is bijective on Ga)- Now a^^ = 
{'ip{e)a)~^ o ?/;(e), and therefore 

(See Figure O) This allows us to extend to a morphism G ^ Gi = E by 

(a, e) ^ 1 for aU edges (a, e) € £;(?) \ £:(f ). □ 

An analogue of this fact will be established for general graphs of elementary 
abelian p-groups in Proposition 13 . 33l 

3.4. A criterion for being virtually residually p 

We now continue where Section 13.21 left off, and put ourselves back in the setting 
of Section 13.2.31 That is, we let Q he a. graph of finitely generated groups with 
underlying graph Y . We recall the statement of the main theorem of this chapter: 

Theorem 3.32. If Q admits a p-excellent filtration, then the group G ~ t^i{Q) 
is virtually residually p. 

Throughout the rest of this section, we fix a maximal subtree T of the un- 
derlying graph Y oi Q. We identify G with Tri{Q,T) and in this way each vertex 
group G„ of G with a subgroup of G. 

Theorem 13.321 will be obtained by applying the reduction theorem (Theo- 
rem l3.25)) to a suitable finite index subgroup of Tri(G); the heart of the construction 
of such a subgroup is contained in the following proposition: 

Proposition 3.33. Suppose all vertex groups Gv of Q are elementary abelian 
p-groups. Then there exists a morphism ip: Tri(Y) — > A onto a finite group A, with 
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corresponding unfolding Q ^ Q of Q , and a morphism tti^Q) — > E(C/|r) which 
infective when restricted to each vertex group of Q . 



Proof. We exploit the homogeneity of the elementary abelian p-group E = 
Y.{g\T): Choose an orientation E+ oi E ^ E[Y) \ E{T), i.e., E is the disjoint 
union E = E^ U E-^-] and for every e G -E+ choose an extension of the partial 
automorphism ip^ ■— fe° fe^ of ^ to automorphism of E. 

We denote the free group on the generators by F. Note that F = tti {Y, T). 
We let -0: F — > Aut(S) be the morphism with (e € £'+), and we consider 

the semidirect product F k E of with E via ip: 

F X E = (E, e e F+ : eaer^ = cr^ia) for all e G E+, a G E). 

We have a surjectivc morphism of the group 

TT*i{g,T) = (E, eeE+: eaer^ = <^e(a) for aU e e E+, a e fe{Ge)) 

onto F K E which is the identity on E and on E+. Composing with the natural 
morphism ■ki{Q^T) — > ■k'[{Q^T) we thus obtain a morphism ^: 7ri(Cy,T) — F k E 
which is injective on the vertex groups of Q. Let A be the subgroup of Aut(E) 
generated by the (e S F_|_). Writing F := Ker(i/)), we have a short exact sequence 

I^TixE^FkE^A^I. 

Note that T acts trivially on E, in particular, F x E = F x E. As in Section we 
continue to denote the extension of -0 : T^iiY, T) ^ ^ to a morphism 'ni{Q, T) ^ A 
which is the trivial morphism on each vertex group Gj, by the same symbol Then 
the following diagram commutes: 




F K E 



A. 



We let : — > be the unfolding of Q along -0 : tti ( Y, T) — > A as constructed in 
Section |3 . 3 . 2 1 above . Then by Proposition [2211 

0*(7ri(g')) ==Ker (7ri(^,T) ^ a) 

and thus 

«'(<?!>*(7ri(^))) = Kcr(F x E ^ A) = F x E. 
So there is a morphism : 7ri(C/) — > F x E making the diagram 



MS) 



F K E 



■F K E 



commute. Clearly ^ is injective on the vertex groups of G- Let tt be the natural 
projection FxS = FxS^E. Then tt o vj/ : tti{Q) — E is injective on the vertex 
groups of Q. □ 
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For the following corollary of Proposition 13.331 let H = {Hy} be a compatible 
collection of normal subgroups of G with 72(^1,) < for all v e V{Y). (Later 
this will be applied to H — G2 where G is a complete p-excellent filtration oi Q.) 
Then Q /Ji is a graph of elementary abelian p-groups based on Y. Given a morphism 
(j): Q ^ Q we denote by H := (j)^^{7i) the compatible collection of normal subgroups 
of G defined in Lemma [1.171 Note that then 72 (G^) < -ffj? for all vertices v of the 
underlying graph Y of Q. 

Corollary 3.34. There exists a morphism 4>'- Q ^ Q of graphs of groups with 
the following properties: 

(1) Each group morphism (j)^: — >■ G^(jij^ and (f>-^: G^ — >■ G^(^^ is bijective; 

(2) the induced group morphism (j)^, : 'Ki{Q) — > G = tii{G) is injective; 

(3) its image (/>*(7ri(^)) is a finite index normal subgroup of G; and 

(4) for every maximal subtree T of the graph underlying the graph of groups Q, 
the group ■n\{Q /T-LjT) is residually p. 

Proof. Applying Proposition 13.331 with G/H in place of G, we obtain a mor- 
phism ip: TTi{Y) A to a finite group, with corresponding unfolding G /"H G /H 
of G/'H, and a morphism 'Ki{G /"H) ^ S to an elementary abelian p-group which 

is injective when restricted to each vertex group of G IT~L. Let 0: — )■ C/ be the 
unfolding of G along ijj. Then (l)-(3) hold by Proposition 13.291 By Lemma [3.301 
we have G /"H = G I'M., hence (4) follows from Lemma [3.231 □ 

We can now prove Theorem l3.32l Suppose first that G is a complete p-excellent 
filtration of G- Apply Corollarv 13.341 with % :— G2, and \ct (f): G ^ G have 
properties (l)-(4) in that corollary. By (1) and Lemmas ll.18l and ll.19l the filtration 
G = 0^^(G) of G remains p-excellent. This together with (4) shows that G satisfies 
the hypotheses of Theorem 13.251 Hence t^i{G) is residually p, and thus by (2) 
and (3), the group t^i{G) is virtually residually p. 

If G is an arbitrary p-excellent filtration of G, we consider a morphism of 
graphs of groups satisfying (l)-(3) in Proposition 11.161 applied to the compatible 
collection of normal subgroups {Hy} = {Gy^} of G- The pullback of G under such 
a morphism is complete and, by Lemmas ll.18l and ll.19l remains p-excellent. In this 
way we reduce to the case of complete G treated above. □ 



CHAPTER 4 



Proof of the Main Results 

In this chapter we first define (in Section I4.ip what we mean by a fihration of 
a group to be p-conipatible with a given cohection of subgroups, and then show 
(in Section 14. 2p a general theorem which ahows to construct filtrations of finitely 
generated linear groups which are p-compatible with certain abelian subgroups. In 
Section 14.31 we then apply this theorem to give a proof of our main theorem from 
the introduction. Section |4^ fills in the proof of a commutative algebraic fact used 
earlier (in Section |4?2|) . and Section l475l discusses the main theorem in the special 
case of fibered 3-manifolds. 

4.1. p-compatible filtrations 

We make the following somewhat ad-hoc definition (which is related to the "p- 
congruence systems" of |DdS]V[S99[ Interlude B]): 

Definition. Let G be a group, let T be a collection of subgroups of G, and 
let ^ > be an integer. We say that a filtration G = {Gn}n>i of G is p- compatible 
of level I with T if the following hold: 

(1) G is a normal filtration of G with [G : G„] < oo for each n > 1; 

(2) G, construed as a complete filtration of Gi, is p-potent; 

(3) G is separating (i.e., fl^^i = {!}); 

(4) G separates T (i.e., fl^^i G„ • T = T for every T g T); and 

(5) for every T G T the filtration G intersects to the lower central p-filtration 
-fP{T) of T, shifted by £ terms to the left, i.e., GDT = {7^+^ (T)}„>i. 

A filtration of G which is p-compatible of level with T will simply said to be 
p-compatible with T. (We will only encounter p-compatible filtrations of level 
or 1 below.) 

If the group G admits a filtration which is p-compatible with some collection 
of subgroups, then G is virtually residually p. Wc introduced the notion of p- 
compatiblc filtration because it furnishes a "local" version of the concept of p- 
excellent filtration of a graph of groups considered in the previous chapter: Let £ > 
be an integer; then, given a graph of groups Q and for each vertex v a filtration Gy 
of Gy which is p-compatible of level £ with the subgroups fe{Ge) of Gu, where e 
ranges over all edges with t(e) = w, we obtain a filtration G = {Gy}y of Q. We 
say that a filtration G oi Q arising in this way is p- compatible of level £. Such 
a p-compatiblc filtration G of level £ oi Q automatically satisfies conditions (1)- 
(4) in the definition of p-cxccUcncy; if in addition the lower central p-scries of the 
edge groups of shifted by £ terms to the left, is uniformly p-potent (e.g., if 
the edge groups of Q are abelian p-torsion free, see Section Fl.l.Sp . then every p- 
compatible filtration of level £ is p-excellent. From the main result (Theorem 13. 1|) 
of the preceding chapter we therefore immediately obtain: 
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Theorem 4.1. Let Q he a graph of finitely generated groups, and suppose all 
edge groups Ge are abelian p-torsion free. Suppose for some £ > 0, G admits a 
p-compatible filtration of level £. Then tti{G) is virtually residually p. 

In the next section we construct filtrations of linear groups which are p-compa- 
tible with certain abelian subgroups. In Section 14.31 we'll apply this construction 
together with the criterion in Theorem 14.11 above in the case of graphs of groups 
arising from 3-manifolds. 

In the rest of this section we collect a few more observations on p-compatible 
filtrations, and record an application of Theorem 14.11 First we note that under 
natural conditions, if there is a complete p-compatible filtration at all, then there 
is a canonical one, by Lemma 11.31 

Lemma 4.2. Let G be a group and let T be a collection of subgroups of G. 
Lf G is a central p-filtration of G such that G OT = 7^(r) for every T € T, then 
7^(G) n T = 7^(r) for every T £ T. {Therefore, assuming that 7^(6) is p-potent 
and Gab is finitely generated, if there exists a complete filtration of G which is 
p-compatible with T , then 7^(G) is p-compatible with T.) 

Examples of p-compatible filtrations of free groups may be obtained via the 
following: 

Lemma 4.3. Let G be a finitely generated residually p group with p-torsion free 
quotients G/7„+i(G), for n = 1,2, and let T be a collection of retracts of G. If p is 
odd, then the complete filtration 7^(G) = {7^(G)}„>i of G is p-compatible with T. 
For arbitrary p, the filtration {7^-|_i(G)}„>i is p-compatible of level 1 withT- 

Proof. By Lemma [L6l 7^(G) separates T, and by Lemma [L5] we have ^P{G)n 
T = -fP(T). This shows that -fP{G) satisfies conditions (1) and (3)-(5) in the 
definition of p-compatibility. If p is odd, then 7^(G) is p-potent by CoroUarv ll.lOl 
hence 7^(G) is p-compatible with T. For general p, shifting 7^(G) by 1 to the left 
yields a p-potent filtration of 7^ (G), by Lemma [1.141 □ 

By virtue of the previous lemma, Theorem 14.11 applies to graphs of finitely 
generated residually p groups with abelian p-torsion free edge groups, such that 
for each edge e, the image of the edge group Ge under the edge morphism /e is a 
retract of Gt(ey This leads to a refinement of a result of Wise: 

Corollary 4.4. Let Q be a graph of free groups of finite rank with cyclic edge 
groups, and G = tti^G)- Suppose that G is balanced, i.e., there are no g € G, g ^ 1, 
and non-zero integers m, n with m ^ ±n such that g"^ and g"' are conjugate. Then 
for every p, G is virtually residually p. 

Wise [WiOO] showed that the balancedness condition formulated in this corol- 
lary implies that there exists a morphism C/* — >• C/ of graphs of groups having finite 
degree and such that G* is clean, that is, each of the (cyclic) edge groups of G* maps 
to a free factor of the target (free) vertex group under the edge morphism. He then 
proved that fundamental groups of clean graphs of free groups are residually finite; 
in fact, much better, they are subgroup separable. Our Theorem 14.11 shows that 
they are, for each p, virtually residually p. Note that if G is a balanced group, then 
G does not contain any Baumslag-Solitar group. Hsu and Wise |HW10| recently 
showed that if C/ is a graph of free groups with cyclic edge groups and G = ni{G) 
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contains no Baumslag-Solitar group, then G virtually embeds into a right-angled 
Artin group, and hence has a finite-index subgroup which is residually p for every p 
(and is linear over Z); this also implies the corollary above in a stronger form. 



Given a commutative ring i?, we denote by UTi(?i,i?) the group of upper unitri- 
angular n x n-matrices with entries in R (a subgroup of SL(7i, i?)). A matrix in 
GL(n, R) is called unipotent if it is conjugate to an clement of UTi (n, R), and a sub- 
group of GL(n, R) is called unipotent if it is conjugate to a subgroup of UTi(ri, R). 
(If K is a field, then every subgroup of GL(n,if) consisting entirely of unipotent 
matrices is unipotent, cf. }Weh73| Corollary 1.21].) A subgroup T of a group 
G < GL(n, R) is said to be maximal unipotent if T is unipotent and not contained 
in a strictly larger unipotent subgroup of G. The main result of this section is: 

Theorem 4.5. Let G be a finitely generated linear group, and let T be a fi- 
nite collection of finitely generated abelian unipotent subgroups of G, such that for 
each T , 

(1) T is maximal abelian or maximal unipotent; and 

(2) the image of T in 7?i(G;Z) has rank > rank(T) — 1. 

Then for all but finitely many p, there exists a filtration of G which is p- compatible 
of level 1 with T. 

The proof of this theorem is given in Scction l4.2. 31 below. Theorem 23] together 
with Theorem 14.11 immediately yields a criterion for the fundamental group of cer- 
tain graphs of linear groups to be virtually residually p (which refines [HemSTl 
Theorem 5.1]): 

Corollary 4.6. Let Q be a graph of finitely generated linear groups. Suppose 
that each edge group Ge maps to a finitely generated abelian unipotent subgroup 
of Gy (where v = t{e)) which is maximal abelian or maximal unipotent in Gy and 
whose image in Hi{G„]'L) has rank > rank(G'e) — 1. Then for all but finitely 
many p, the group 7ri(t/) is virtually residually p. 

The hypothesis (2) on T in the theorem above is satisfied if T is free abelian 
of rank 2 and maps to an infinite subgroup of Hi{G;Z); this is the situation of 
interest in our later applications. Hypothesis (2), however, also holds if T is cyclic; 
hence from the previous corollary we obtain: 

Corollary 4.7. Let Q be a graph of finitely generated linear groups with cyclic 
unipotent edge groups. Suppose that for each edge e, the image of Ge in Gy , where 
V = t{e), is maximal abelian. Then for all but finitely many p, the group T^iiG) is 
virtually residually p. 

Before we turn to the proof of Theorem 14.51 we present an instructive example: 

Example (Wchrfritz |Weh73-2l p. 410]). Consider the subgroup 



of GL(2, Q), which has a presentation G = {a,t\t ^at = a^) (so G is the Baumslag- 
Solitar group BS(1,2)). The group G is metabelian, and its (unique) maximal 
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unipotent subgroup is the normal subgroup ^Ul j of G (isomorphic to the ad- 
ditive group of in particular, not finitely generated). This shows that in 
general, the assumption in our theorem that G be finitely generated does not force 
its abelian maximal unipotent subgroups to be finitely generated. (However, if G is 
discrete, then each abelian maximal unipotent subgroup of G is finitely generated, 
so the assumption in our theorem that each member of T be finitely generated may 
be dropped.) 

This example can also be used to show that the hypothesis in Corollary 14.61 
that each edge group maps onto a maximal abelian or maximal unipotent sub- 
group of the target vertex group cannot be omitted: Let T = (( J })), a unipotent 
abelian subgroup of G (which, however, is clearly neither maximal abelian nor max- 
imal unipotent). It was shown by Higman |Hig51| that the amalgamated product 
G *T=T G of G with itself via the identity T — >■ T is non-Hopfian and hence not 
residually finite. Of course, examples for this phenomenon (in the form of HNN 
extensions of Z) are also provided by Baumslag-Solitar groups: as is well-known, 
for integers m, n with |m|, \n\ > 1 and |m| ^ |n|, the group 

BS(m,n) {a,t\t-^a"H = a") 

is not residually finite. 

4.2.1. A localization theorem. A key algebraic ingredient for the proof of 
Theorem 14.51 in full generality is the following fact. Let i? be a finitely generated 
subring of C. It is well-known that for all but finitely many p there exists a max- 
imal ideal m of i? such that char(i?/m) = p. (See, e.g.. Proposition 14.241 below.) 
Evidently the characteristic of R/v(f then divides p*, for every i > 1. But in gen- 
eral we do not have char(i?/m*) = p\ (Consider, e.g., R = Z[\/2], tn = (\/2) and 
p = 2.) The following theorem implies that by judicious choice of p we can exclude 
this phenomenon: 

Theorem 4.8. For all but finitely many primes p there exists a maximal idealm 
of R such that the localization Rm of R at m is regular unramified of residue char- 
acteristic p. 

We refer to Section r4.4l below for an explanation of the concepts from commuta- 
tive algebra mentioned in the conclusion of this theorem. For its application in the 
present section, the reader only needs to be aware of one aspect of this conclusion, 
namely: 

Lemma 4.9. Let {S,n) be a regular unramified local ring of residue character- 
istic p. Then for all i > j > and xCz S: 

p'x = mod n* <=^ x G n^~^ . 

{Here n° = S.) 

This follows immediately from Lemma 14.221 below. In particular, given a 
prime p and a maximal ideal m as in Theorcm l4.8[ we do have char(i?/m*) = for 
every i > 1. It may be worth noting that our theorem thus implies a more precise 
version of jHamOll Proposition 2] , which states that except for a finite number of 
primes p, for every i > 1 there exists a morphism R — > i?,; to some finite ring Ri 
such that char(i?i) = p'. 
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We postpone the proof of Theorem l4.8l to SectionHH) We do note here, however, 
that in the case where i? is a ring of integers in a number field, this fact is quite 
easy to show: 

Example. Suppose R is the ring of integers in a number field K , and let 5 be 
the discriminant of K (a non-zero integer). For every p there exists a prime (hence 
maximal) ideal m of R, and Rm. is a DVR (hence regular) of residue characteristic p. 
Moreover, if p does not divide (5, then for every such m, Rm is unramified. (See any 
standard text in algebraic number theory, e.g., |Neuk99l Chapter III, Section 2].) 

This allows us to give a proof of Theorem 14.51 in the case relevant to our 
applications to 3-manifolds (namely, where G is a lift of a finite covolume torsion 
free Kleinian group) which bypasses Theorem 14.81 this point will be addressed 
in Section 14.3.21 Before we now turn the proof of Theorem 14.51 we make some 
observations on congruence subgroups. 

4.2.2. Congruence subgroups. Let (-R,m) be a complete Noetherian local 
ring whose residue field R/m is finite of characteristic p. For every i> 1 the natural 
surjective ring morphism i? — >■ i?/m' induces a surjective group morphism 

SL(n,i?) ^ SL(n,i?/m'), 

whose kernel is called the i-th congruence subgroup of SL(n,i?), and denoted by 
SL*(n,i?). Note that i?/m' and hence SL(n, i?/m*) are finite, for any i > 1. In 
the following we abbreviate Gi := SL* (n,i?), and set G := Gi. If i? is an integral 
domain, then ni>i ^* = {0} by the Krull Intersection Theorem, hence the normal 
filtration {Gi}i>i of SL(n,i?) is separating (and thus SL(n,i?) is residually finite). 

Proofs of the following properties of congruence subgroups can be found in 
|LSh94j (see also jDdSMS99l Chapter 13]). Given an ideal a of R, we write 
a*^*^ = a X ■ ■ ■ X a for the «-th cartesian power of the set a (not to be confused with 
the i-th power a' of the ideal a). 

Proposition 4.10. For all integers i,j > 1: 

(1) Gi/Gi+i = (m*)("^~-^V(^'^^)*'"^~"^^ elementary abelian p- group); 

(2) \Gi, Gj] C Gi+j; 

(3) {GiY ^ Gip if R has equal characteristic p. 

In particular, by (1) and (2), {Gi}i>i is a (strongly) central p-filtration of 
G ~ Gi, hence Gi > jf{G) for every i > 1. If i? has equal characteristic p, 
then {G'i}i>i is also dimensional, by (3), so Gi > D^{G) for every i > 1. Under 
additional assumptions, these statements can be strengthened: 

Proposition 4.11. |LSh94l Proposition 3.2] If p ^2 or n^2, then 

^,{G)=^f{G)=G, for all I > I, 

and if in addition R is of equal characteristic p, then 

DP{G)^G, for all i> I. 

The following lemma combined with the previous proposition shows that for 
odd p and well-behaved i?, the filtration {Gi}i>i of G is strongly p-potcnt: 

Lemma 4.12. Suppose that p is odd and (i?,m) is regular unramified. Then 
for every i > 1, the morphism (pi: Gi/Gi+i — > Gi+i/Gi+2 induced by M i— > is 
infective. 
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Proof. Let M e Gi = SV{n,R), i > 1, such that MP € Gi+2; we need to 
show M e Gi+i. Write M = id+7V where N € (m')"^". Then 

pTV + QiV^ + • • • + pNP-^ + NP = MP - id e (m'+2)"^". 

We have NP € (n^«+2)"xn gj^^^^g p > 2, and piV^ e (m*+2)"^". Moreover, for 
j — — 1; every binomial coefRcient (p is divisible by p. Therefore pN G 

Since (i?,Tn) is regular unramificd of residue characteristic p, this yields 
N e (m'+i)"''" as required (Lemnia[4H). □ 

4.2.3. Proof of Theorem l4.5l Let i? be a commutative ring. Given an n x n- 
matrix TV = (Nij) with entries in R and k e {0, . . . , n — 1}, we call the (n — fc)-tuple 
{Nj^k,j)j=i,...,n-k the fcth codiagonal of N. So the 0th codiagonal is the main 
diagonal of A^; an upper triangular matrix whose main diagonal is zero is called 
strictly upper triangular. If N is strictly upper triangular and the ith codiagonal 
of vanishes for i ~ 0, . . . ,k, then N"^'' = 0. The following lemma is obvious 
if n = 2 (the case of interest in the situation arising from 3-dimensional topology 
considered in Section [ 



Lemma 4.13. Suppose R has characteristic p'^ where d > 1 and p > n. Then 
UTi(n, i?) has exponent p^K If N is a non-zero strictly upper triangular n x n- 
matrix over R and some entry in the first non-zero codiagonal of N is a unit in R, 
then M = id +N e UTi(n, R) has order p'^ . 

Proof. Note that every element M of UTi(i?, n) has the form M — id+7V 
where is strictly upper triangular (in particular, A^" = 0); hence 

n— 1 / d\ 

MP" = {\d+N)P" ^Y.y, lA^^^id 

since for i = 1, ... ,p — 1, the binomial coefficient i^^ ) is divisible by p'^ . Now 
suppose in addition that N and some entry in the first non-zero codiagonal 
of TV is a unit in R. Say this entry occurs in the fcth codiagonal of A^, where 
k £ {1, . . . ,n — 1}. Then all entries in the fcth codiagonal of A^'^, A^'^, . . . are zero. 
Since for every i > 1, 

(id -t-A^)* = id -\-iN + linear combination of A^^, A^^, . . . 

and a unit of R has order p'^ as element of the additive group of i?, we see that id + A^ 
has order p'^. □ 

Let now G be a finitely generated linear group, and suppose T = {Ti, . . . , T,.} 
is a collection of finitely generated abelian unipotent subgroups of G, such that 
each Ti is maximal abelian or maximal unipotent, and 

d, := dim(Kcr(i?i(T,; Q) ^ i/i(G; Q))) < 1 for i = 1, . . . , r. 

We write Ti additively; also, the natural morphism Ti — > Hi{Ti]'L) is an isomor- 
phism, and in the following we identify these two groups using this map. We pick 
a family {\j}i<j<ei of elements of Ti which form a basis for Ti ®i Q = Hi{Ti; Q). 
In the case that di = 1 we choose A^i to he in Ker(iJi(Ti; Z) — >• i?i(G; Z)). 

In order to prove the theorem we may and shall assume that G < SL(n,C) 
for some n > 2. Take Qi S SL(n,C) such that QiTiQ~^ < UTi(n,C). Since G 
is finitely generated there is a finitely generated subring i? of C which contains all 
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the entries of each element of G, as well as all entries of Qf for i = 1, . . . , r and 
the multiplicative inverses of the non-zero entries of Qi\iiQ~^ , for i = 1, . . . , r. By 
Theorem 14.81 there exists a finite set P of primes such that for any prime p ^ P 
there exists a maximal ideal m of i? such that Rm is regular unramificd of residue 
characteristic p. 

We write H = ifi(G'; Z)/ tor. As a consequence of the Elementary Divisors 
Theorem for subgroups of finitely generated free abelian groups |Lan021 The- 
orem III. 7. 8], after enlarging P suitably if necessary, we may assume that for 
any p ^ P, any i G {1, . . . , r} and any fc > 1 we have 

Im {Hi{Tf, Z) ^ Hi{G; 1) ^ H ^ H/p^H) = {Z/p''Zy'-'^\ 

In the case that di ~ 1, the element Aii maps to zero under the map iJi(Ti;Z) — >■ 
H/p^H . Again, after enlarging P if necessary, we may also assume that P contains 
all primes < n. 

Let now p be a prime with p ^ P. Let m be a maximal ideal of R such that 
the local ring R^^^ whose completion we denote by A := R^, is regular unramificd 
of residue characteristic p. The natural ring morphisms R Rm A = Rm are 
injective, hence give rise to a group embedding SL(n, i?) — > SL(n, A). We denote 
the map G SL(n, i?) SL(7i,A) by p, and the map G -> i?i(A^; Z)/tor = H 
by 0. Given fc > 1 we denote the map 

G A SL(n,A) ^ SL(n,A/m'=A) = SL(n,i?/m'=) 

by p, and wc denote the map 

G^ H ^ H/p^H 

by 6. For fc > 1 we now let 

Gk ^ Kcr {g ^ SL(7i, R/m'') x H/p^H^ 

We claim that the filtration G = {Gk]k>i of G is p-compatiblc with T of level 1. 
By the results in Section 14.2.21 G is a separating normal p-filtration of G with 
each Gk of finite index in G, and considered as a complete filtration of Gi, G is 
central and (strongly) p-potent. 

To see that G separates T, let i S {1, . . . , r} and g G G\Ti. If < G is maximal 
unipotent, we have QigQ~^ ^ UTi(n,i?); since nfc>i"^'^ = {0} there exists fc > 1 
such that 'piQigQY^) ^ UTi (n, i?/m'^). If is maximal abelian, then there is some 
t e T with [g,t] ^ 1; as before, there is some fc such that 1 ^ p{[g,t]) = \p{g),'p{t)] 
in SL(n, i?/Tn*''). In both cases we obtain ^ i.e., g ^ Gk - Ti. 

It remains to show that 

T, n Gk ^p''T,= Yk+i [Tr ) for all fc > 1 . 

Since Ti (being unipotent) is torsion free, we have Ti/p^Ti = {'L/p^'LY^\ we need 
to show that 

/ := Im ^ Sh{n,R/m^) x H/p''H^ = (Z//Z)'=\ 

Recall that 

Im (t, ^ H/p^H] = {■L/p'"LY^-'^\ 
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Note that by choice of R and m, Lemma [4.131 imphes that the matrix p(Aii) has 
order p'^ in SL(ri, R/m^). So in the case that = we clearly have / = ['E/p^'LY* 
as desired. If = 1 then 6{\ii) = £ H/p^H . whereas p(Aii) has order p^; thus 
also in this case / = (TLjp^'LY^ . □ 

Remark. Suppose in the proof of the theorem, in addition to p ^ P we 
also require that p is such that 72(G)/73(G) is p-torsion free. Then the filtra- 
tion {7fe+i(G)}fe>i of 7f(G) is p-potent, by Lemma [1.141 Moreover, by Proposi- 
tion |T21 (2) we have 

7fc(G) < Ker(G H ^ H/p''-^H) for aU k > 1, 

with equality for k = I. Hence (identifying G with its image in SL(n,A) under p), 
the filtration G* = {GJ^}fc>i of G defined by 

G;:-SL^(A,n)n7f+i(G) 
is also p-compatible with T of level 1 , cf . Lemma 11.31 

4.3. Proof of the main theorem 

In this section we give a proof of the main theorem as stated in the introduction, 
by applying the results of the previous section. We begin by first discussing the 
special cases of hyperbolic 3-manifolds and Seifert fibered manifolds. 

4.3.1. Hyperbolic 3-manifolds. It is a well-known fact that the fundamen- 
tal group of every hyperbolic 3-manifold is linear and hence virtually residually p, 
for all but finitely many p. We need a more precise formulation of this fact: 

Definition. Let be a 3-manifold which is either closed or has incompress- 
ible boundary. Let T be the collection of fundamental groups of the boundary 
components of N, considered as subgroups of G = 7ri(7V) in the natural way. Given 
a prime p and an integer ^ > wc say that a filtration G of G is a boundary com- 
patible p-filtration of level £ for TV if G is p-compatible of level i with the collection 
of subgroups 7ri(T), T e T. 

Proposition 4.14. Let N be an orientable 3-manifold with empty or toroidal 
and incompressible boundary such that the interior of N has a complete hyperbolic 
structure. Then for all but finitely many p, there exists a boundary compatible 
p-filtration of level 1 for N . 

We need a topological lemma sketched in |Hem871 p. 390]: 

Lemma 4.15. Let N be an orientable 3-manifold with toroidal incompressible 
boundary, and let T be a component of ON. Then tti{T) is a maximal abelian 
subgroup of 'Ki{N), i.e., no element of ni(N) \ 7ri(r) commutes with 7ri(r). 

Proof. Suppose g £ 7Ti{N)\tti{T) and tti{T) generate an abelian subgroup A 
of TTi{N) which properly contains tti{T). Since N is not a 3-torus, A = Z® Z 
by jHem76[ Theorem 9.13]. Denote by iV ^ the covering of A^ corresponding 
to A. There exists a compact submanifold M of N such that tti{M) — )■ 7ri(A^) 
is an isomorphism jHem76l Theorem 8.6]. We can assume that AI contains a 
homeomorphic lifting S' of T in its boundary. Since tti (T) is of finite index in A and 
since A^ is orientable, we can apply |Hem76l Theorem 10.5] to conclude that M is a 
product Sx [0, 1] with possibly some 3-balls removed. In particular 7ri(S') — >■ 7ri(M) 
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is an isomorphism, which imphes that tti (T) — > A = tti (N) is an isomorphism, 
contradicting our assumption that g ^ tti (T) . □ 

Now let N be an orientable 3-manifold with empty or toroidal and incompress- 
ible boundary. Suppose moreover that N is hyperbolic, so G = tti {N) has a faithful 
representation to a discrete torsion free subgroup of PSL(2,C). Thurston showed 
(cf., e.g., jCS83[ Proposition 3.1.1] or |Kra85] ) that this representation lifts to 
a discrete and faithful representation G — >■ SL(2,C); we identify G with its image 
under this embedding. Let now T be one of the (toroidal) components of ON. Stan- 
dard Poincare duality arguments yield that the natural image of tti (T) = Z Z 
in Hi{G; Z) has rank > 1. Every discrete abelian subgroup of SL(2, C) of rank 2 is 
unipotent (cf. [HemSTl p. 382]). Hence tti{T) is unipotent; in fact, by the previous 
lemma, tti (T) is a maximal unipotent subgroup of G. Proposition 14.141 now is a 
consequence of Theorem 14.51 □ 

4.3.2. p-compatible filtrations of lifts of Kleinian groups. In the proof 
of Theorem 14.51 in the previous section, given a finitely generated subgroup G of 
SL(n, C), we chose a certain finitely generated subring i? of C so that G < SL(ri, R), 
and we appealed to Theorem 14.81 to obtain, for all but finitely many p, a maximal 
ideal m of i? such that char(i?/m'"') = p'' for every fc > 1. Above, this result has been 
applied in the context where G is a lift from PSL(2, C) of a finite covolume torsion 
free Kleinian group. Thurston observed that then the Mostow Rigidity Theorem 
implies that G is conjugate (in SL(2,C)) to a subgroup of SL(2,if) where if is a 
number field. (In fact, K can be taken to be a quadratic extension of the trace field 
Q(trg : 5 e G) of G, see |MR03[ Corollary 3.2.4].) Hence in this case, the ring R 
introduced in the proof of Theorem 23] may be assumed to be a subring of a ring O 
of ^'-integers of a number field K. The ring O is not finitely generated in general. 
However, all but finitely many p are unramificd in K and do not become units in O, 
and for those p, if we choose the prime ideal p of O which contains p, then p is 
maximal and Op is regular unramified with finite residue field of characteristic p. 
We may now carry out the rest of the argument in the proof above with R and m 
replaced by O respectively p. Thus, in this application of Theorem 14.51 one may 
avoid the use of Theorem 14.81 at the cost of appealing to a non-trivial fact from 
hyperbolic geometry. In general, however. Theorem 14.51 cannot simply be reduced 
to the number field case: there do exist finitely presented linear groups which admit 
no faithful representation as linear groups over global fields whatsoever [GS79| . 

4.3.3. Seifert fibered spaces. In the case of Scifcrt fibcred spaces we have: 

Proposition 4.16. Let N be a Seifert fibered space. Then iriiN) has a finite 
index subgroup which is residually p for every p. 

Rhemtulla |Rh73| showed that every group which is residually p for infinitely 
many p is bi-orderable. Hence the previous proposition also yields another proof 
of the result (obtained in jBRWOSl Corollary 1.6]) that fundamental groups of 
Scifcrt fibered spaces are virtually bi-orderable. By similar arguments as the ones 
used below in the proof of this proposition one may also show the folklore result 
that the fundamental group of a Scifcrt fibcred space is linear over Z; wc will not 
pursue this here. 
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Lemma 4.17. Suppose N ^ F is an -bundle where F is an orientable surface 
with x{F) ^ 0. Then Tri(N) has a finite index subgroup which is residually p for 
each p. 

Proof. If N has non-empty boundary, then F also has non-empty boundary 
and we obtain H'^{F;Z) = 0, hence the Euler class of the S'^-bundle — > F is 
trivial. We therefore conclude that TV is a trivial S'^-bundle, i.e., N ^ x F. But 
then TTi{N) = Z x 7ri(F) is the direct product of Z with a free group, hence Tri{N) 
is residually p for each p. 

Now assume that N and hence F is closed. The subgroup (t) of tti (A^ ) generated 
by a regular fiber t is normal and infinite cyclic, and we have a short exact sequence 

Let e G H'^{F;Z) = Z be the Euler class of F. A presentation for G := 7ri(iV) is 
given by 

G = ^fli, 6i, . . . , Or, br, t : JJ[aj, bi] = f^, t central^ . 

Let 

H — {a,b,u : [a, b] — u, u central) . 

One verifies easily that the finitely presented group H is torsion free, Z{H) = (u), 
and H/Z{H) = Z x Z (hence H is nilpotent). Thus H is residually p for every p 
[Gru571 Theorem 2.1 (i)]. Let Ge be the subgroup of G generated by the a.i, bi 
and . The assignment 

p(ai) = a, p{bi) = b, /9(ai) = = 1 for i > 2, p{t'') = u 

yields a morphism p: Ge ^ H. Let also a be the composition 

Ge ^ G = 7ri(iV) -> 7ri(F). 

Then 

p X a: Ge ^ H X Tri{F) 

is an embedding. It is well-known that orientable surface groups, such as 7ri(F), 
are residually free (cf. jBa62| ) and hence residually p for each p. This shows that 
the finite index subgroup Ge of G is residually p for each p. □ 



Proof of Proposition 14.161 Clearly we only have to consider the case that 
the fundamental group of N is infinite. In that case it is well-known that N is 
finitely covered by a 3-manifold which is an S'^-bundle over an orientable surface F 
with xiF) < (cf. |Hem76j ). Now use Lemma mm □ 

Analogous to Proposition 14. 141 we also have, for certain trivial S'^-bundles: 

Proposition 4.18. Suppose N = x F where F is an orientable surface with 
at least two boundary components, and G = tti (N) . Then for any p there exists a 
boundary compatible p- filtration of level 1 for N . 

Proof. This follows immediately from Lemma l473l observing that since F has 
at least two boundary components, its fundamental group P = 7ri(i^) is free, and 
for each c € P representing a boundary curve of F , the subgroup G = (c) of P 
generated by c is a free factor of P. □ 
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Remark. Let F be an orientable surface. It is a classical fact (Frickc) that F = 
TTi{F) has a faithful representation as a Fuchsian group such that each boundary 
curve c of is represented by a parabolic transformation |Mag73| pp. 98-99] . That 
is, there is a faithful representation g: G ^ PSL(2, M) where each c is represented by 
a unipotent matrix in SL(2, ]R). Every such g lifts to a representation F SL(2, M). 
In fact, one may choose g to have image in SL(2,Q); this follows from Teichmiillcr 
theory [WM85[ Theorem 1] (see also |MR03[ Section 4.9]). One may therefore 
also try to apply Theorem 14. 5 1 to prove the proposition above (even if bo{dF) = 1). 
However, this only yields the existence of a boundary compatible p-filtration of 
level 1 for iV = S*^ X F for cofinitely many p. 

4.3.4. Proof of the main theorem. Let be a 3-manifold. We have to 
show that for all but finitely many p the group G = tti (N) is virtually residually p. 

4.3.4.1. Reduction to the case of orientable and closed prime manifolds. By 
gluing in 3-balls if necessary we can always assume, without changing G, that dN 
has no spherical components. In this situation we have: 

Lemma 4.19. Suppose N has no spherical boundary components. Then there ex- 
ist S-manifolds Ni, . . . , A^^- whose boundaries are incompressible and without spher- 
ical components, and a free group F such that tti{N) = 7ri(A'^i) * • • • * Tri{Nk) * F. 

Proof. Let S C dN be a compressible component. By Dehn's Lemma there 
exists a properly embedded disk D C N such that dD C E is homologically essen- 
tial. 

Let N' be the result of capping off the spherical boundary components of N\i'D 
by 3-balls. If iV' is connected, then 7ri(iV) = 7ri(iV')*Z, otherwise 7ri(iV) = tti{Ni)* 
7Ti{N2) where A^i, N2 are the two components of N'. The lemma now follows by 
induction on the lexicographically ordered pair {—x{dN),bo{dN)) since we have 
either — x(9iV') < ~x{dN) (in the case that E is not a torus), or xidN') = x{dN) 
and bo{dN') < bo{dN) (in the case that E is a torus). □ 

Combining Lemma [4. 191 with the remark following Corollarv l3.12l we see that it 
suffices to consider 3-manifolds with incompressible boundary. Suppose N has non- 
empty incompressible boundary. Then we consider the double NUqn N, which is a 
closed 3-manifold. Then the natural morphism 7ri(A^) — > TTi{NUdN N) is injective, 
and since the property of being virtually residually p restricts to subgroups we 
can from now on assume that N is in fact closed. By going to a double cover, 
if necessary, we can and will also assume that N is orientable. Finally, by the 
remarks after Corollary 13 . 121 again it suffices to show that prime 3-manifold groups 
are virtually residually p for all but finitely many p. 

4.3.4.2. The setup for the case of a closed orientable prime 3-manifold. Now 
suppose A*" is a closed orientable prime 3-manifold. If N is hyperbolic or Seifert 
fibered, it follows immediately from Propositions 14.141 respectively 14.161 that G is 
virtually residually p for all but finitely many p. 

Assume that A^ has a non-trivial JSJ decomposition; that is, there are pair- 
wise distinct, incompressible embedded tori Ti, . . . , C A^ (r > 0) such that the 
components Ni, . . . , Ng of A^ cut along Ti , . . . , are either Seifert fibered or al- 
gebraically atoroidal (and thus, by geometrization, hyperbolic). We associate a 
graph Y to this decomposition of A^ as follows: take a set V = {vi, . . . , Vs} of s dis- 
tinct vertices and an orientation = {ei, . . . , e^} of its edge set (with \E+ \ — r), 
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and for every i choose distinct vertices Vj and Vk such that Ti C dNj and Ti C dNk 
and set o{ei) = Vj, t{ei) = Wfe. We may describe N as the topological realization of 
a graph Af of based CW-complexes with underlying graph Y, whose vertex spaces 
are the Nj and whose edge spaces are the tori Ti . We let Q be the associated graph 
of groups with underlying graph Y (cf. Section ri.2.31) : so G = tti{N) = T^iiG)- 

4.3.4.3. Reduction to Seifert simple manifolds. In the following we say that a 
closed orientable prime 3-manifold is Seifert simple if any Seifert fibered component 
in its JSJ decomposition is of the form S^xF for some orientable surface F, where F 
is cither closed or has at least two boundary components. We now show that there 
exists a finite cover N ^ N such that is Seifert simple. 

We first prove the following lemma which is a slight variation on well-known 
lemmas (cf., e.g., iHem87. p. 391], jHamOl] Lemma 6], or [PSQQj Proposi- 
tion 2.5]). 

Lemma 4.20. Let M be a Seifert fibered manifold with non-empty incompress- 
ible boundary. Let q be a prime with q > 5. Then there exists a finite index 
subgroup T o/F := 7ri(M) with the following properties: 

(1) for any torus T C dAI the group t^i(T) H F is the unique characteristic 
subgroup of iti{T) of index q^ ; and 

(2) the cover M corresponding to F is of the form S^ x F for some orientable 
surface F with bo{dF) > 2. 

Proof. Let qhc a prime with q > 5. Denote by F the base orbifold of M and 
denote the boundary curves by ci, . . . , Cfe (fc > 1). We denote by O the 2-orbifold 
with underlying space and cone angle 2n/q and finally we denote by Oi, . . . , Ok 
copies of O. We let Fq be the closed orbifold given by gluing to each boundary 
component a of F the 2-orbifold Oi. Note that 

MF,)^7r,(F)/{cl...,cl). 

In particular the images of ci , . . . , c^. are now elements of order q in the orbifold 
fundamental group ■7Ti{Fq). Since g > 6 we see that Fq is a good orbifold (see 
[ThSOi Theor em 13.3.6]), i.e., there exists an epimorphism a: ni{Fq) G to & 
finite group G such that the corresponding finite cover g: Fq Fq has the property 
that Fq is a surface. Note that we can and will assume that |C?| > q. The preimages 
of Oi are disks, and this implies that the image of Q!(7ri(Oi)) £ G has order q. Since 
T^iiOi) = {ci : cf = 1) it follows that a{ci) e G has order q. 

Also note that the preimage of F C Fq under g is a surface F. Since tti (F) — > 
TTi{Fq) — > G is surjective we see that F is connected. Note that 

k 

6o(aF)-^6o(7r-i(cO) = fc^>l. 
i=i 

We now return to the study of M. First note that since M has non-empty incom- 
pressible boundary we know that F = tti{M) is infinite and hence the subgroup 
(t) < F generated by a regular fiber is normal and infinite cyclic (cf. |Br93[ p. 122]). 
Note that there exists a canonical isomorphism tti (M) / (t) ^ tti (F). We denote by /3 
the map 7ri(Af) — > G defined as the composition 

TTiiM) ^ MM)/{t) ^ Tn(F) ^ ^i(n) ^ G. 
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Now let tt: M ^ M be the cover corresponding to p. Then M is a Seifert fibered 
space with base orbifold the surface F, i.e., M is a S'^-bundle over the surface F 
(see also |Hem76| Theorem 11.10]). As in the proof of Lemma [4.171 we conclude 
that M is in fact a product M = x F. 

The boundary components of M are given by Ti :^ a x {i ^ 1, . . . , k), in 
particular TTi{Ti) is the free abelian group generated by t and c^. Also note that 
7ri(rj) n Ker(/3) is generated by t and c*. Finally note that 7ri(M) = (t) x ni{F). 
It is easy to see that the cover of M given by 

7ri(M) (t) X 7ri(F) ^ (t) = Z ^ Z/qZ 

gives rise to a cover of M with the desired properties. □ 

We now let q > 5 be a prime such that all hyperbolic manifolds Nj admit 
a subgroup Gy^ < Gy. = 7ri(7Vj) such that for any boundary component Ti 

of Nj, Tri{Ti) n Gvj is the unique characteristic subgroup of 7ri(Ti) of index q^. 
We can find such q and such subgroups by Proposition 14.141 Furthermore, given 
any j g {1, . . . , s} such that Nj is Seifert fibered we now pick a subgroup < 
Gy- = ■ni{Nj) as in the above lemma. The collection of subgroups Gy. is clearly a 
compatible collection of finite index subgroups of the graph of groups Q. We now 
let iV be the finite cover arising from (the proof of) Proposition II. 161 Recall 

that the manifold A^ is in a canonical way the topological realization of a graph M 
of based CW-complexes where the vertex spaces are the components of iT~^{Nj), 
j = 1, . . . , s and the edge spaces are the components of 7r~^(Ti), i = 1, . . . , r. It 
now follows that A^ is Seifert simple. Hence, after replacing A^ by A^ if necessary, 
we may assume that A^ is Seifert simple. 

4.3.4.4. Conclusion of the proof. By the discussion above it remains to prove 
the main theorem in the case where A^ is a closed orientable prime 3-manifold 
which has a non-trivial JSJ decomposition and is Seifert simple. In this situation, 
by Propositions 14. 14l and l4. 18l for all but finitely many p, each JSJ component of A^ 
admits a boundary compatible p- filtration of level 1, and so by Theorem 14.11 the 
group G = 7ri(fJ) is virtually residually p. □ 

4.4. A localization theorem 

In this section we finally give the proof of Theorem 14.81 For the reader's conve- 
nience we repeat the statement. In the following, "ring" will mean "commutative 
Noetherian ring with unit 1," and R will always denote a ring with 1 7^ 0. 

Theorem 4.21. Suppose R is a finitely generated integral domain of charac- 
teristic zero. Then for all but finitely many p there exists a maximal ideal m of R 
such that Rm is regular unramified of residue characteristic p. 

We first recall the concepts mentioned in the conclusion of the theorem. A 
sequence {xi, . . . ,Xn) (where n > 0) of elements of R is said to be regular if 
(xi, . . . , Xn) 7^ R and for i — 0, . . . , n — 1, the canonical image of x^+i is not a 
zero divisor of the ring R/{xi, . . . ,Xi). For example, the sequence (Ai, . . . , A„) 
of indeterminates in a polynomial ring <S'[Ai, . . . , A„] over a ring 5 is a regular se- 
quence. In general, regular sequences in R do behave very much like indeterminates 
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in a polynomial ring: if (xi, . . . , x„) is a regular sequence in R, then the associated 
graded ring of the ideal / := {xi, . . . , a;„), 

gr^(i?) = R/I (S I/I^ e • • • © I'^/I<i+^ © . . . , 

is a polynomial ring over R/I] more precisely, the morphism of graded i?//-algebras 

[R/I)[Xi, . . . , X„] grj{R) with Xi ^ x, + for every i 

is an isomorphism; in particular, xf ^ jd+i j^j. gyery i and d |Mat86[ Theo- 
rem 16.2]. If (i?, m) is a local ring, then R is called regular if its maximal ideal m 
can be generated by a regular sequence; in general, the ring R is called regular if 
each localization Rp of R at one of its prime ideals p is a regular local ring. 

If (i?, m) is local of residue characteristic p unramified if p ^ . In general, 
we need a criterion to determine whether the localization Rm of R at one of its 
maximal ideals m is regular unramified. This is provided by the following lemma 
(a special case of Theorem 14.2 in |Mat86| V 

Lemma 4.22. Let (i?,m) he a regular local ring, and let a G m, a 7^ 0. Then 
the following are equivalent: 

(1) m is generated by a regular sequence containing a; 

(2) a i m2; 

(3) the local ring R/aR is also regular. 

We equip, as usual, the set Spec(i?) of prime ideals of the ring R with its Zariski 
topology, with sub-basis given by the open sets of the form 

D{f) := {p G Spcc(i?) -.fip} (/ e R). 

Recall that D{f) n D{g) = D{fg) for all f,g^R; in particular any open subset 
of Spec(i?) contains an open set of the form D{f), f G R. Also, D{f) = if and 
only if / is nilpotent. 

We denote by Reg(i?) the regular locus of R, that is, the set of all p € Spcc(i?) 
such that the localization Rp is regular. It is well-known that Reg(i?) is open if R is 
a finitely generated algebra over a field (Zariski) or over a Dedekind domain (e.g., Z) 
of characteristic zero (Nagata); see (6.12.5) respectively (6.12.6) of |Gro65| . 

Recall that R is said to be reduced if R contains no non-zero nilpotent elements; 
equivalently, if the intersection of all prime ideals of R is trivial. Clearly a domain is 
in particular reduced. We also need the notion of a Jacobson ring (also sometimes 
called a Hilbert ring). This is a ring each of whose prime ideals is the intersection of 
maximal ideals. Examples include all fields as well as every principal ideal domain 
with infinitely many pairwise non-associated primes (like the ring of integers). If R 
is a Jacobson ring, then so is every finitely generated i?-algebra S, and the puUback 
of each maximal ideal of S* is a maximal ideal of R. (See [Bou64( IV. 3. 4].) 

Lemma 4.23. Suppose R is a reduced ring whose regular locus is open. Then 
Reg(i?) is non-empty, and if R is Jacobson, then Reg(i?) contains a maximal ideal. 

Proof. Since R is reduced, for every minimal prime ideal p of R, the localiza- 
tion Rp is a field (isomorphic to the fraction field of R/p), hence p € Reg(i?). In 
particular, Reg(i?) is a non-empty open subset of Spec(i?), and therefore contains 
an open subset D{f), for some non-zero f G R. If i? is Jacobson, then the intersec- 
tion of all maximal ideals of R is zero; hence there exists a maximal ideal m of i? 
not containing /, and thus m S Reg(i?). □ 
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Our final ingredient is the following fact, whose proof we postpone: 

Proposition 4.24. Suppose R is finitely generated. Then R has characteristic 
zero if and only if for all hut finitely many primes p, we have R/pR ^ 0. Moreover, 
if R is reduced then for all but finitely many primes p the ring R/pR is reduced. 

Remarks. 

(1) The converse of the second statement in the proposition is false: if i? = 
Z[X]/{4:X), then R is not reduced, yet R/pR is reduced for every prime 
p ^ 2. Note also that the analogous statement for the property of being 
an integral domain is also false, since there are polynomials in Z[X] (e.g., 

+ 1) which are irreducible over Q but reducible modulo every prime. 
(In fact, for each composite natural number n there is a monic polynomial 
in Z[X] of degree n with this property, cf. |Bra86j .) 

(2) After a first version of this manuscript had been completed, Pascal Adjam- 
agbo informed us that in the course of investigations around the Dixmier 
Conjecture on Weyl algebras, he also established a version of Proposi- 
tion H^l 

Assuming this proposition, let us outline how Theorem 14.211 follows : Suppose R 
is a finitely generated integral domain of characteristic zero. By Lemma 14.231 and 
the remark preceding it we know that Reg(i?) is open and non-empty. In particular 
there exists a non-zero f E R such that D{f) C Reg(i?). The prime ideals in 
D{f) arc in one-to-one correspondence with the prime ideals of 5* :~ R[j], and the 
corresponding localizations of R and S are isomorphic. Hence S is regular. Thus, 
replacing i? by 5, we may assume from the outset that R is regular. 

Let now p be such that the ring R := R/pR is non-trivial and reduced, as in the 
proposition above. Let m be a maximal ideal of R containing p whose image riT under 
the natural morphism i? — > i? is in Rcg(i?). (Such m exists by Lemma [4.231 applied 
to the finitely generated Fp-algebra R.) Note that Rm/pRm — ^m- Therefore R^ 
is unramified regular of residue characteristic p, by Lemma 14.221 □ 

4.4.1. Proof of Proposition l4724l In the proof of Proposition I4.24[ we use 

results about dependence on parameters for certain properties of ideals in poly- 
nomial rings, formulated in Lemmas 14.271 and 14.281 below. The elements of the 
boolean algebra of subsets of Spec(i?) generated by the sets D{f) with f £ R, 
i.e., the smallest collection of subsets of Spec(i?) which contains the sub-basis of 
Spec(i?) and which is stable under finite union and complementation (and hence, 
also under finite intersection) arc called constructible. It is easy to sec that each 
constructible subset of Spcc(i?) is a finite union of sets of the form 

S = Dif) n (Spec(i?) \ Dig^)) n • • • n (Spec(i?) \ i5(.g„0) (4.1) 

where e R. See |Mat80[ Chapter 2] for more on constructible sets, and 

[vdDrQOl Section 12.2] on the connection with "constructible properties" exploited 
below. 

Fix a tuple X = {Xi, . . . , Xn) of pairwise distinct indeterminates, and let 
C ~ (Ci, . . . ,Cm) be another pairwise distinct tuple of indeterminates (thought 
of as placeholders for parameters) distinct from Xi, . . . ,Xn. Given a field K and 
c = (ci, . . . , Cm) S we let pc denote the kernel of the ring morphism Z[C] — > K 
with d Ci for every i. Note that for g G Z[C] we have pc G D{g) if and only if 
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g{c) 7^ in K. More generally, a constructible subset E of Spec(Z[C]) expressed 
in the form ()4.ip contains pc if and only if c satisfies the corresponding system of 
inequalities and equalities 

f(C) ^ & = & • • • & g^{C) - 0. (4.2) 

For c € 1i and a prime number p we set c{p) := c mod p G Fp, and we extend this 
notation to M-tuples c— (ci, . . . , ca/) G in the natural way: 

cip) = {ciip),...,CM{p)) eiWpf'. 

Then pc G -D(.g) if and only if pc(p) £ ^(ff) for all but finitely many prime numbers p, 
and pc ^ i^lff) if and only if pc(p) ^ ^(ff) for all (equivalently, all but finitely many) 
primes p. Thus, we obtain the following principle for the reduction of constructible 
properties from characteristic zero to finite characteristic: 

Lemma 4.25. Let Ti he a constructible subset o/ Spec(Z[C]), and let c G T,^^ . 
Then pc & "Si if and only if for all hut finitely many prime numbers p we have 
Pc(p) € E. 

The following is a theorem by Chevalley, also discovered by Tarski (and known 
among logicians as "quantifier elimination for algebraically closed fields" |Mar02j ). 

Theorem 4.26. Let be a constructible subset o/ Spec(Z[C, -D]), where D is a 
new indeterminate. Then there exists a constructible subset 11 o/Spec(Z[C]) such 
that for every field K with algebraic closure if and every c G K^'^ , 

P(cA) e E for every d G A'^'s ^ pc £ H. 

See IvdDrQOl Theorem 12.2.10] for a proof. (The proof given there in fact 
shows how to construct, in an effective way, a description of the constructible set 
n from a description of E.) 

Let /o(C, X), . . . , /„(C, X) G Z[C, X]. For a tuple c G R^' we denote by /(c, X) 
the ideal of R[X] generated by the polynomials /i(c, X), . . . ,fn{c,X). The next 
lemma (applied with /p = 1) says in particular that the property of I{c,X) being 
a proper ideal is a constructible property of the parameters c: 

Lemma 4.27. There is a constructible subset E of Spec(Z[C]) such that for 
every field K and c G K^^ , we have 

foic,x)ei{c,x) ^ PcGE. 

For the following lemma recall that a field K with cha.r{K) = p > is called 
perfect if K'p = K. Note that Fp is perfect. A field of characteristic zero is always 
referred to as perfect. We now have the following lemma. 

Lemma 4.28. There is a constructible subset E' of Spec(Z[C]) such that for 
every perfect field K and c G A'*^, 

I{c,X) is radical Pc £ E'. (4.3) 

Let us first see how Proposition 14.241 follows from the previous lemmas. Sup- 
pose R is finitely generated. We may assume R = Z[X]// for an ideal / = 
(/i, ■•■,/«) of Z[X] = Z[Xi,...,Xn], for some A^. Let c G Z'^' be the tuple 
of coefficients of the polynomials /i , . . . , (in some order) ; so we may write 
fi — fi{c,X) where fi{C,X) G Z[C,X] (with each non-zero coefficient of fi{C,X) 
equal to 1). Now R has characteristic zero if and only if / n Z = {0}, if and only 
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if 1 ^ -fQi-'^] = -^(c, X). Moreover, R is reduced if and only if / is radical; we 
have v'/Q[^] = hence if / is radical then so is Similarly, for a 

prime p, we have R/pR 7^ if and only if the ideal I{c{p),X) of Fp[X] is proper, 
and R/pR is reduced if and only if I{c{p),X) is radical. Proposition 2211 is now a 
consequence of Lemma 14.251 applied to the constructible sets E and E' associated 
to the polynomials fo{C,X) = 1 and fi{C,X), . . . ,fn{C,X) in Lemmas 14.271 and 
I4.28[ respectively. □ 

Remark. The first part of Proposition l4.24l (which is related to Grothendieck's 
'generic freeness lemma' |Mat86[ Theorem 24.1]) may also be proved in differ- 
ent ways. For example, by the Noether normalization lemma, there exists a non- 
zero integer S and an injective morphism t: Z[|][X] — > R[^], for some tuple X — 
{Xi, . . . ,Xn) of indeterminates, such that R' := R[j] is a finite module over the 
image S of l. Suppose p does not divide S. Then the natural morphism R ^ R' 
induces an isomorphism R/pR — > R! jpR' . Moreover, p generates a prime ideal 
of S\ let p be a prime ideal of R! with p n 5 = pS. Then the natural inclusion 
S R' yields an inclusion Fp[X] = S/pS — > i?'/p; in particular, R' /p ^ and 
thus R' /pR' 7^ 0. Another (algorithmic) proof of this part of Proposition I4.24[ 
employing Grobner basis theory, can be deduced from |Va97j . It is also an imme- 
diate consequence of the non-trivial fact that the unit group of a finitely generated 
integral domain is finitely generated |Sa66j . 

We now turn to the proof of Lemmas 14.271 and 14.281 These can probably be 
deduced from the results in of |Gro66[ §9]; however, we prefer to follow a slightly 
less sophisticated approach, based on: 

Theorem 4.29. There exists an integer a (depending on the fi{C,X)) with the 
following property: for every field K and c £ K^^ , we have fo{c,X) S I{c,X) if 
and only if there are yi, . . . , y„ G [^] of degree at most a with 

/o(c,X) = yi/i(c,X) + ... + y„/„(c,X). (4.4) 

Moreover, there exists an integer /3 such that for every field K and c E K^^ , if the 
implication 

/e/r(^ => feiic,x) 

holds for all f G of degree at most j3, then the ideal I{c,X) is radical. 

For a simple model-theoretic proof of this fact see |vdDS84] . It is known, 
essentially since Hermann's work |Her26| (see also |Sei74| ). that a — (2c?)^ 
suffices, where d is the maximal degree of /o, . . . , /n in X; in the important case 
/o = 1, by |Kol88j we may take a = where D max{3,(i} for TV > 1 and 
D -.^ 2d — 1 ioi N = 1. Analyzing one of the common algorithms to construct the 
radical of an ideal in a polynomial ring (see, e.g., |GTZ88j ) also would allow one, 
in principle, to explicitly compute an integer /3 (depending on N and d) with the 
required property. 

Proof of Lemma 14.271 By Theorem |4.29[ /o(c, X) e /(c, X) if and only if a 
certain (very large) system of linear equations over obtained (uniformly in K 
and c) from the equation (|4.4p by comparing the coefficients corresponding to equal 
monomials in X on both sides, has a solution in K (namely, the coefficient tuple of 
the polynomials yi, . . . , y„ of degree at most a). That is, there exists a fc x ^-matrix 
A — A{C) with entries in Z[C] and a column vector b = b{C) G Z[C]'^ (for some fc, I) 
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such that for every field K and c e A'^^, the ideal I{c,X) contains fo{c,X) if and 
only if the system A(c)y = b{c) of linear equations has a solution in K , that is, if 
and only if 

rank(A(c)) = rank {A{c)\b{c)) . (4.5) 

The rank of a matrix over a field is the least r > such that all of its (r + 1) x (r + 1)- 
minors vanish. It is now routine to construct a finite family of systems as 

in (|4.2p such that for given K and c, the equality (|4.5|) holds if and only if c satisfies 
one of the E^. □ 

Using the "Rabinovich trick," Lemma [4.271 vields: 

Corollary 4.30. There is a constructible subset E" o/Spec(Z[C]) such that 
for every field K and c £ K^^ , we have 

/o(c,x)e/r(^ ^ Pees". 

Proof. Let Y be an indeterminate distinct from Xi, . . . ,Xjv 
ery K and c wc have /o(c, X) G \Jl{c, X) if and only if the ideal 

(/i(c,x),...,/„(c,x),i-y/o(c,x)) 

of y] contains the constant polynomial 1. 

We now turn to; 

Proof of Lemma [4.281 Given a field extension L\K of a perfect field K, an 
ideal J of K[X] is radical if and only if JL\X\ is radical |Bou8H Chapitre V, 
§15, Proposition 5]. Hence it is enough to show the existence of a constructible 
subset S' of Spec(Z[C]) satisfying (|4.3p for every M-tuple c of elements of an 
algebraically closed field K. Let f(D,X) E Z[D,X] be a polynomial of degree 
at most /3 with indeterminate coeflScients (where D is a tuple of new indetermi- 
nates). Using Lemma 14.271 and CoroUarv 14.301 let Si, S2 be constructible subsets 
of Spec(Z[C, D]) such that for every field K and tuples c, d of elements of K of the 
appropriate lengths, 

and 

f{d,x)ei{c,x) ^ Pied) e ^2- 

Consider the constructible subset 

S:= (Spcc(Z[C,i:'])\I]i)ul]2 

of Spec(Z[C, £>]): by Theorem 14.291 the ideal I{c,X) is radical if and only if for 
every tuple d of elements of K we have p(c.d) £ S. One now obtains S' from S by 
applying Theorem l4.261 □ 

4.5. Fibered 3-manifolds 

We show Proposition 1 in a more general form: 

Proposition 4.31. Let Q be a graph of finitely generated virtually residually p 
groups such that for each edge e of its underlying graph, the morphism fe is bijective. 
Then the group Tri{Q) is virtually residually p. 



Then for ev- 



□ 
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The mapping torus of a group cndomorphism Lp: G ^ G \s the group 
Z^G^iG^t-.tgt-^^^ig), g e G). 

More generaUy, given group endoniorphisnis ipi, . . . , ipr ■ G ^ G, the mapping torus 
oi ipi, . . . ,tfr is the group 

X G = (G,t : tgt-^ = </7,(.g), i = l,...,r, g&G). 

Here and below, denotes the free group on r generators. The proposition above 
immediately yields: 

Corollary 4.32. The mapping torus of finitely many automorphisms of a 
finitely generated virtually residually p group is virtually residually p. 

This corollary readily implies Proposition 1: Suppose is a fibered 3-manifold, 
so TTi {N) = ZkG where G = tti (F) is the fundamental group of a surface F. Thus F 
is either the free group Fr on r generators (for some r) or a surface group (that is, 
the fundamental group of a closed surface) . Free groups are residually p for all p, and 
orientable surface groups are residually free |Ba62| and hence residually p for all p. 
Every non-orientable surface group of genus g contains a characteristic subgroup of 
index 2 which is isomorphic to the orientable surface group of genus <? — 1 . In any 
case, the group G is virtually residually p, for every p, and hence so is 7ri(A^) by 
Corollary 

Remark. Corollarv l4.32l can be seen as a more general and precise version of 
the result [Ba71| that the mapping torus of an automorphism of a free group of 
finite rank is residually finite. (In fact, the mapping torus of an endomorphism of 
a linear group is always residually finite, as shown by Borisov and Sapir |BS05j : 
they also showed that the mapping torus of an endomorphism of a finite-rank free 
group is virtually residually p for all but finitely many p [BS09| .) As remarked 
in |DS05j , the linearity of the braid group B4 [KramOO] implies that the mapping 
torus of an automorphism of F2 is a linear group; in fact, the holomorph of F2 is 
linear |CMP| . It is unknown whether a mapping torus of an automorphism of Fr 
is always linear for r > 2, cf. [DS05[ Problem 5]. 

For the proof of Proposition l4.31l we first note that it suffices to treat the special 
case of mapping tori: given a graph of groups Q such that for each edge e of the 
underlying graph Y of Q, the morphism /e is bijective, for every maximal subtree T 
of Y and every v G V{Y) we have 7ri{Q\T) = Gy and thus Tri{G) = Fr tK Gy, where 
r := ^\E(Y) \ E{T)\. So suppose now that 

G* = (G,t : tgt-^ = ^,{g), i = 1, . . . , r, 5 e G) 

is the mapping torus of the automorphisms (pi, . . . ,Lpr of the finitely generated 
group G. Every finite index subgroup of the finitely generated group G contains a 
finite index subgroup of G which is fully characteristic (even verbal) in G. Thus, 
if G is virtually residually p, then G contains a finite index residually p subgroup 
which is fully characteristic. Using Proposition 1 1 . 1 6l we thus reduce to proving that 
"G residually p" implies "G* virtually residually p." The next lemma shows that 
our best chance for showing that G* is residually p is by showing that the ipi act 
unipotently on i/i(G;Fp): 

Lemma 4.33. Let 

H* = {H,t -.tht-^ = L{{ip,){h), i = l,...,r, heH) 
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be the mapping torus of the automorphisms L\{ipi)^ . . . ^L\{ipr) of H :~ L\{G) = 
Hi{G; ¥p) induced by ipi, . . . ,ipr. Then H* is residually p if and only if the auto- 
morphisms L^{ipi) L^{ipr) generate a p-subgroup o/Aut(iJ). If G and H* are 
residually p, then so is G* . 

Proof. The first statement follows from the equivalence of (1) and (2) in 
Corollarv l2.14l Suppose G and H* are residually p. To show that G* is residually p, 
it is enough to show, by Proposition 13 . 71 and Lemma [2. 151 that for each n > 1, the 
mapping torus of the automorphisms of L^{G) induced by the Lpi is residually p. 
This follows from the first statement and Lemma [4.341 below. □ 

For every tt. > 1, by restriction we obtain a natural group morphism Aut(G) — > 
Aut(iP(G)). If cr € Aut(G') induces the ide ntity on Lf(G') = Hi{G\¥p), then a 
induces the identity on ^^(G) for each n > 1 |HB82| Chapter VIII, Theorem 1.7]. 
Therefore: 

Lemma 4.34. // the image of a subgroup A of Aut(G) in Aut(Lj(G)) is a 
p-group, then the image of A in Aut(Lfj(G)) is a p-group for every n>l. 

Suppose now that G is residually p. Then by Corollary 13.341 we see that the 
mapping torus G* has a finite index normal subgroup which is itself (isomorphic 
to) the mapping torus of finitely many automorphisms of G, and such that the 
mapping torus of the corresponding induced automorphisms of i^(G) is residually p. 
Hence by Lemma I4.33| G* is virtually residually p. This finishes the proof of 
Proposition l4.31l □ 

It may be instructive to contrast Corollarv 14 . 32 1 with the following proposition, 
which shows that fundamental groups of fibered 3-manifolds always satisfy, without 
passing to a finite index subgroup, a very weak variant of being residually p. (This 
proposition also fills in the details for a claim made in the introduction.) 

Proposition 4.35. Let F be the fundamental group of a fibered i-manifold. 
Then for every 7 € F with 7 7^ 1 there is a subgroup F 0/ F of p-power index such 
that 7 ^ f . 

Proof. As above we write F — Z k G where G is a free group of finite rank 
or a surface group. Then G is residually p. Now, for any non-zero integer k we 
can consider the subgroup of F = Z k G generated by t'^ and G, which we denote 
by fcZ K G; this subgroup is normal in F of index |fc|. For any n > 1 we may also 
consider the subgroup of F generated by t and 7.^(G), denoted by Z k 7^(G); note 
that Z K 7^(G) is of p-power index in F, and this subgroup is not normal in general. 
Now suppose 7 = t''g € F where k G l^, g G G. If fc 7^ 0, then there exists an n 
such that 7^p"ZkG. Iffc = and g ^ I, then there exists an n > 1 such 
that 7 ^ Z K jP{G). □ 



CHAPTER 5 



The Case of Graph Manifolds 

It is not surprising that in the special case of graph manifolds, our methods yield 
more refined results. We first restate and prove Proposition 2 from the introduction: 

Proposition 5.1. Let N be a graph manifold. Then for every p, the group 
G — ni(N) is virtually residually p. 

Proof. If N is Seifert fibered, then 7ri(iV) has a finite index subgroup which is 
residually p for every p, by Proposition l4 . 1 6l So we may assume from now on that N 
is not Seifert fibered. The rest of the argument is as in Sections 14. 3. 4. 3^4.3.4.41 in 
the proof of the main theorem: After passing to a finite cover of if necessary, we 
may assume that A^ is Seifert simple. Then, by Proposition 14. 181 for all p, each JSJ 
component of A^ admits a boundary compatible p-filtration of level 1, and so G is 
virtually residually p by Theorem 14.11 □ 

In the rest of this chapter we prove Proposition 3 from the introduction. We 
also discuss p-cohomological completeness and obstacles towards a proof of virtual 
p-efficiency for arbitrary 3-manifolds, and establish Proposition 4. 

5.1. p-efRciency 

We first turn to Proposition 3, restated here: 

Proposition 5.2. Let N be a closed graph manifold. Then for every p there 
is a finite cover of N which is p-efficient. 

Remark. Wc do not know how to arrange for the finite cover of A^ in this 
proposition to be regular. 

5.1.1. p-efficiency of graphs of groups. We say that a graph of groups Q 
is p-efficient if 

(1) G = ■ni[Q) is residually p; 

(2) for all vertices v and edges e, the subgroups Gy and Gg of G are closed in 
the pro-p topology on G; 

(3) for all vertices v and edges e, the pro-p topology on G induces the pro-p 
topology on Gy and on Ge. 

So a closed orientable prime 3-manifold A^ is p-cfficient precisely if its associated 
graph of groups is. For the proof of Proposition 15. 2[ we first need to establish a 
criterion for p-efficicncy of a graph of groups, which is Corollarv l5.5l of the following 
sequence of lemmas. 

Given a filtration G of a group G by p-power index normal subgroups, we 
say that G induces the pro-p topology on G if the group topology on G with 
fundamental system of neighborhoods of the identity given by G agrees with the 
pro-p topology on G; cquivalently, for every p-power index normal subgroup H 
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of G there is some m > 1 with H > Gm- (If Gab is finitely generated, it suffices to 
require this for H of the form H = ^^{G), n> 1.) 

In the following lemmas and their corollary below we fix a filtration G of a 
graph Q of finitely generated groups. 

Lemma 5.3. Suppose G is a complete p-filtration, and 

(1) for each vertex v, the filtration induces the pro-p topology on G^; 

(2) for each edge e, the filtration G^ induces the pro-p topology on G^; and 

(3) for every n> 1, the group TTi{G/Gn) is residually p. 

Then the pro-p topology on G = t^i{Q) induces the pro-p topology on each vertex 
and edge group of Q . If in addition G is separating and separates the edge groups 
of Q , then Q is p- efficient. 

Proof. By condition (2), the vertex groups induce the pro-p topology on the 
edge groups, so it is enough to show that G induces the pro-p topology on each 
vertex group. Fix a vertex and a normal subgroup H^^ of Gy^ of p-power index; 
we need to find a normal subgroup _ff of G of p-power index with H H Gi,„ < 
Htj^. By hypothesis (1) there is some n > 1 such that H^^ > Gyg,n- Denote 
the natural morphism G = T^iiG) T^iiG/Gn) by tt. By (3) and since ir^Gyg) 
is finite, there exists a normal subgroup K of T^i{Q/Gn) of p-power index with 
7r(G^„) n K = 1. Then H := ■k~^{K) is a p-power index normal subgroup of G with 
H n Gi,,-, = Gy„^n < Hvo £^s desired. The last statement now follows from the first 
in combination with Corollaries 13.141 and 13.81 □ 

For the proof of the next lemma we revisit the proof of Theorem l3.32l 

Lemma 5.4. Suppose that G is p-excellent, and 

(1) for each vertex v, the filtration Gy induces the pro-p topology on Gy,i; 

(2) for each edge e, the filtration Ge induces the pro-p topology on Ge,i- 

Then there exists a finite degree morphism G ^ G of graphs of groups such that G 
is p- efficient. 

Proof. We argue as in the proof of Theorem 13.321 First wc apply Proposi- 
tion 11.161 to {Hy} = {Gy^i} in order to reduce to the case that G is complete. From 
now on we assume this to be the case. Next, we apply Coronarv l3 . 341 with V. := G2 
and let (/): G ^ G have properties (l)-(4) in that corollary. Let G :~ (p^^{G). Then 
by Theorem 13.251 the group G ~ Tri{G) is residually p, the vertex and edge groups 
of G arc closed in the pro-p topology on G, and for every n > 1, the group tti {G /Gn) 
is residually p. Moreover, by condition (1) in Corollarv I3.34[ for each vertex v of 
the graph underlying G^ the filtration Gy induces the pro-p topology on Gy, and 
for each edge e, G^ induces the pro-p topology on Ge- Thus by Lemma |5.3[ G is 
p-efficient. □ 

The following immediate corollary of Lemma 15.41 is a variant of Theorem 14.11 

Corollary 5.5. Suppose that all edge groups Ge are abelian p-torsion free. 
Assume moreover that G is p-compatihle of some level > and for each vertex v, 
the filtration Gy induces the pro-p topology on the subgroup Gy^i ofGy. Then there 
is a finite degree morphism G ^ G of graphs of groups such that G is p-efficient. 
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We can now prove Proposition [521 So let iV be a closed prime graph manifold. 
If TV Seifert fibered, then there is nothing to do except to apply Proposition 14.161 
Suppose N is not Seifert fibered. Then, after passing to a finite cover of N if neces- 
sary, we may assume that is Seifert simple. In the proof of Proposition 14.181 we 
showed that for every JSJ component Ny of A^, the filtration Gy = {7^+i(G'i,)}„>i 
of Gy = 7ri{Ny) is a boundary compatible p-filtration of level 1 for Ny. Clearly Gy 
induces the pro-p topology on 72 (G^). Hence by the previous corollary, TV admits 
a finite p-efficient cover. □ 

5.1.2. p-efficiency and the pro-p fundamental group. The usefulness of 
the notion of p-efficiency is to be found in connection with a description of the pro-p 
completion of the fundamental group of a p-efRcient graph of groups, which we give 
now. For simplicity we restrict our attention to graphs of finitely generated groups. 

Notation. For a (discrete) group G we denote by Gp the pro-p completion 
of G, that is, the inverse limit of the system of p-group quotients of G. The 
group Gp comes equipped with a topology making it a compact totally disconnected 
topological group, and we have a natural morphism G — >■ Gp which is injective 
precisely if G is residually p. 

Let first Q he a, graph of finitely generated pro-p groups, i.e., a graph of 
groups all of whose vertex and edge groups are (topologically) finitely generated 
pro-p groups, and all of whose edge morphisms arc continuous. In this situa- 
tion, the pro-p fundamental group 7ri{Q) of Q is defined to be the pro-p comple- 
tion of G = TTi{G): Tfi{Q) = Gp. We have a natural continuous group morphism 
G — )- Tfi{G), were G is equipped with the pro-p topology. Unhke the case of the 
ordinary fundamental group, the natural morphisms Gy — >■ T^iiQ) are usually not 
injective (cf. [RZOO|, Example 9.2.9]). One says that Q is proper if all morphisms 
Gy — >■ TTi(Q) are injective. 

Now let Q be an arbitrary graph of (abstractly) finitely generated groups. 
Suppose the pro-p topology on each vertex group Gy induces the pro-p topology 
on fe{Ge) for each edge e with t{e) = v. (This will be satisfied if Q is p-efficient.) 
Then the induced continuous group morphisms fe- {Ge)p — > (Gi,)^ between the 
pro-p completions are injective, hence the graph of groups G with same underlying 
graph as vertex groups (Gt,)^, edge groups (Ge)^, and edge morphisms /e, is a 
graph of finitely generated pro-p groups as above. We have a natural morphism 
C/ — of graphs of groups and hence a group morphism G = tti{G) T^iiG)- 

Lemma 5.6. Suppose G is a p-efficient graph of finitely generated groups. Then 
applying the pro-p completion functor to the morphism G tti{G) yields a contin- 
uous isomorphism Gp — > ni{G), and G is proper. 

Proof. This is well-known in the profinite case; we only sketch the proof. First 
note that p-efficiency implies that the natural morphism G — >■ 7ri(C/) is injective. 
Using the commutative diagram (|1.4p one sees that Tri{G) induces the pro-p topology 
on G = TTi{G), and G is dense in tti{G). Hence the continuous morphism Gp — > 
T^i{G) remains injective and has dense image in 7fi{G). Since Gp is compact and 
7fi{G) is Hausdorff, this image in fact equals 7fi{G). Hence Gp — 7fi{G) is an 
isomorphism. Since G induces the pro-p topology on each G«, the natural injective 



84 



5. THE CASE OF GRAPH MANIFOLDS 



morphisms — > G give rise to injective niorphisms (G.u)^ — > Gp ~ Tri{Q). Thus Q 
is proper. □ 

5.2. Cohomological p-completeness 

Following }LS07| we call a group G cohomologically p-complete if the natural mor- 
phisni G ^ Gp induces an isomorphism H"^^t.{Gp; ¥p) — > H" {G; ¥p) for each n > 1. 
Here, H*{G;¥p) is the usual (discrete) cohomology of G, and H*^^^{Gp;¥p) is the 
continuous cohomology (sometimes called Galois cohomology jSe97| ) of the pro-p 
group Gp. In both cases the action on ¥p is assumed to be trivial. Cohomological 
p-completencss can be characterized in different ways: 

Lemma 5.7. Let G be a group. The following are equivalent: 

(1) G is cohomologically p-complete; 

(2) for every finite p-primary G-module M and n > 1, the natural morphism 
G — )■ Gp induces an isomorphism H^^^^(Gp; M) — > H'^{G] M); 

(3) for every finite p-primary G-module M and n > I, 

lim H'^IN]M) = 0; 

JV<pG 

(4) for alln>l, 

lim H"(N;¥„) = 0. 

N<pG 

Here N ranges over all subgroups of G of p-power index. 

Proof. For the imphcation (1) => (2) see |LS07| Lemma 4.7]. The equiva- 
lences (1) <^ (4) and (2) <=> (3) follow from jSe97| Exercise 1, Section L2.6]. 
(This exercise is stated in terms of profinitc completion, but extends easily to the 
pro-p case.) □ 

See |FAKRS08l IKZ081 ILolOl ILS071 IWei07| for more on this notion. A 
group which is cohomologically p-complete for every p is said to be cohomologically 
complete. (This class of groups is of interest in connection with Atiyah's conjec- 
ture on the integrality of L^-Betti numbers of compact manifolds with torsion free 
fundamental group |LS07j .) Free groups are cohomologically complete, as are right- 
angled Artin groups |LolO] and primitive link groups |BLS08j . (The argument in 
jHMMOSi Theorem 1.2.1] claiming that all link groups are cohomologically com- 
plete seems to have a gap, cf. jB107| .) By induction on the nilpotency class, the 
following fact implies that finitely generated nilpotent groups are cohomologically 
complete: 

Proposition 5.8. Let 

1^ G ^ Q ^ I 

be a central group extension with A finitely generated. If A and Q are cohomologi- 
cally p-complete, then so is G. 

For a proof of this fact see |LolO| Corollary 1.2] or jLS07| Section 4]. We use 
it to show: 

Proposition 5.9. Let N be a Seifert fibered space. Then tti{N) is virtually 
cohomologically complete. If N = x F for some orientable surface F, then '!ri{N) 
is cohomologically complete. 
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Proof. As in the proof of Proposition 14.161 after passing to a finite index 
subgroup if necessary, we may assume that N is an S'^-bundle over an orientable 
surface F. li N = x F for some orientable surface F, then N is already of this 
form. In any case, 7ri(iV) fits into an exact sequence 

1 ^ Z ^ TTl (iV) ^ TTl (F) ^ 1 

with (the image of) Z central in tti{N). (Cf. proof of Lemma [4.171 ) Now 7Ti{F) 
is either free or an orientable surface group; either way, 7ri(i^) is a primitive one- 
relator group and hence cohomologically complete by }Lab671 Exemple (2), p. 144]. 
Thus TTi{N) is also cohomologically complete, by Proposition 15.81 □ 

On the other hand, it does not seem to be known which fundamental groups of 
hyperbolic 3-manifolds are cohomologically p-complete. In |Re97| (with general- 
izations and different proofs in |KZ08|, IWeiOTj ) it is shown that if G is the funda- 
mental group of a closed hyperbolic 3- manifold which is not virtually Haken (i.e., 
a hypothetical counterexample to Thurston's virtually Haken conjecture), whose 
pvo-p completion is infinite, then G is cohomologically p-complcte. We have: 

Proposition 5.10. Let N be a closed graph manifold. Then for every p the 
group TTi(N) is virtually cohomologically p- complete. 

This complements a result by Wilton and Zalesskii |WiltZalO| who showed 
that every graph manifold group G is good in the sense of Serre [Se97[ Section 2.6, 
exercises], that is, with G denoting the profinite completion of G, for every finite 
G- module M and n > 1, the natural morphism G ^ G induces an isomorphism 
H^ondG, M) if"(G, M). For the proof of Proposition [SlO] we use the following 
well-known fact, a consequence of Lemma 15.61 (cf. [WiltZalO( proof of Proposi- 
tion 4.3]): 

Lemma 5.11. Suppose Q is a p-efficient graph of finitely generated groups with 
underlying graph Y and fundamental group G = tti{G). Let be an orientation 
ofY and V = V{Y). Then for every p-primary G-module there is a commutative 
diagram 

^ i?"(G; M) H"{Gy; M) H''{Ge] M) H''+^{G; M) ■ ■ ■ 



^i?"(G;Af) ^ i7"(G„;M) ^ i7"(G^; Af) ^ i7"+i(G; M) ^ • • • 

vev eeE+ 

with exact rows. Here the hats indicate pro-p completion, the groups in the bottom 
row are continuous cohomology groups, and the vertical maps are induced by the 
natural embeddings of the groups into their pro-p completions. 

(The top row is simply the Mayer- Vietoris sequence associated to the graph of 
groups Q, cf. Section [l.2.7n 

Corollary 5.12. Suppose Q is a p-efficient graph of finitely generated groups. 
Suppose all vertex and edge groups of Q are cohomologically p-complete. Then 
G = 7ri(CJ) is cohomologically p-complete. 
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Proof. Since for every finite p-primary G-module M we have H^{G]M) = 
M'^ ~ M'^p — H'^{Gp; M), this follows from the commutative diagram in the 
lemma above. □ 

Proposition 15.101 is now immediate from Propositions 15.21 and 15.91 ^-nd the 
previous corollary. 

5.3. Virtual p-efiiciency for arbitrary 3-manifolds? 

The results for graph manifolds in the previous sections naturally raise the question 
whether every closed prime 3-manifold is, for all but finitely many p, virtually p- 
efficicnt. (If the answer was "yes," then every closed prime 3-manifold also would 
be, for all but finitely many p, virtually cohomologically p-complete.) Now, by 
Corollary [531 ^ positive answer to this question is implied by a positive answer to 
the following: 

Let N be an orientable hyperbolic 3-manifold with non-empty 
toroidal incompressible boundary. Does N , for all but finitely 
many p, admit a boundary compatible p-filtration G = {Gn} {of 
some level) which induces the pro-p topology on Gi ? 

We do not know the answer to this question, and in the remainder of this section 
we indicate some serious obstacles in answering it, which we were note able to 
overcome. 

To investigate this issue more closely, let us return to the setting of the proof 
of Theorem 14.51 in the case where n = 2 and G = tti (N) is the fundamental group 
of a 3-manifold N as in the question above, identified with a subgroup of SL(2, C). 
We employ the modifications of this proof outlined in Section 14.3.21 in order to 
take advantage of the special properties of G: After conjugating G suitably in 
SL(2, C) we may and shall assume that G is defined over a ring R of ^-integers of a 
number field. Suppose m is a maximal ideal of R such that Rm is regular unramified 
with finite residue field of characteristic p. For all but finitely many p there will 
be such m. Then A := Rm is a finite ring extension of Zp. Let P be the finite 
set of exceptional primes as defined in the proof of Theorem 14.51 In particular, 
H = Hi (G; Z) / tor is p-torsion free for p ^ P. We note that Long and Reid 1LR98| 
showed, as a consequence of Chcbotarev's Density Theorem and the availability of 
a complete hst of all subgroups of SL(2,Fp) (cf. |Su821 Section 3.6]): 

Proposition 5.13. The set V of primes p ^ P such that \R/m\ ~ p and the 
morphism 

G^SL{2,R) SL(2,i?/m) 
is onto is infinite (in fact, has natural density 1). 

In the proof of Theorem 14.51 given p ^ P, we constructed a boundary compat- 
ible p-filtration G = {Gfc}fe>i of level 1 for N by setting 

Gfc = Ker (G ^ SL(2, A) x H ^ SL(2, A/m'^'A) x . 

In particular we have 

Gi = Ker (G ^ SL(2, A) x H ^ SL(2, A/mA) x H/pH) 

= SLi(2,A)n7f(G). 
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Now the following three possibilities for answering the question posed above present 
themselves: 

(1) Show that G induces the pro-p topology on Gi. (If so, we would be done.) 

(2) Show that G induces the pro-p topology on Gi . (If so, by Remark (2) 
following the proof of Theorem |4. 5 1 the filtration G* = {G^} of G defined 
by G*j. = SL'^(2, A)n7^^-^(G) would be aboundary compatible p-filtration 
of level 1 for TV" which clearly induces the pro-p topology on Gi = G^.) 

(3) Show that Hi(Gi]'L) is p-torsion free. (If so, Gi would be p-potent, hence 
by Lemma [4.21 7^(Gi) would be a boundary compatible p-filtration of 
level 1 for N.) 

The first approach receives a resounding defeat; this is due to the following fact: 

Theorem 5.14. Let M he an orientable hyperbolic 3-manifold with non-empty 
toroidal boundary and dim_ffi(A/; Fp) > 2. Then the pro-p completion of tti{M) is 
not p-adic analytic. 

Proof. This follows from an important result of Lubotzky |Lu83[ Theo- 
rem 2.3 (b)]: if r is a finitely presentable group whose p-adic completion is p-adic 
analytic and dimi/i(r;Fp) 7^ 1, then its deficiency def(r) (number of genera- 
tors — number of relations) satisfies the inequality def(r) < d{l — d/4) where 
d = dimiJi(r;Fp). On the other hand, it is well-known (cf. |Ra87| ) that 7ri(M) 
has deficiency 1. Thus tti{M) is not p-adic analytic. □ 

The hypothesis on dimi7i(A/;Fp) is satisfied if M has more than 2 boundary 
components, by virtue of the following well-known application of Poincare-Lefschetz 
duality arguments: 

Lemma 5.15. Let M be a 3-manifold with empty or toroidal boundary. Then 
for any field ¥, 

dimlm {Hi{dM;¥) Hi{M;¥)) > boidM). 
Hence we obtain: 

Corollary 5.16. For every p e V, the filtration G of G does not induce the 
pro-p topology on Gi. 

Proof. Suppose p G V. Let Ni ^ N denote the finite regular cover corre- 
sponding to Gi < G, and let T be a boundary component of ON. Then 

^^^^=[T:G,nT]- p2 

Hence dimiJi(A^i; Fp) > 3 by the previous lemma. If G induced the pro-p topology 
on Gi , then the pro-p completion of Gi = tti ( A^i ) would be p-adic analytic (cf . the 
remark following the proof of Lemma I1.13P , contradicting Theorem 15.141 □ 

Let us now turn to the second approach. In order to show that G induces the 
pro-p topology on Gi , it is convenient to refine the normal series G > Gi : 

G>Go :=GnSLi(2,A) \> Gi. 

Note that Gi has p-power index in Go and Go is residually p; hence Go in- 
duces the pro-p topology on Gi, by the following well-known fact (cf. |RZOO| 
Lemma 3.1.4 (a)]): 
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Lemma 5.17. Let 

he a group extension where A is finitely generated, T is residually p, and Q is a 
p-group. Then T induces the pro-p topology on A. 

Thus it remains to show that G induces the pro-p topology on Gq. We don't 
know whether this is the case. We do, however, have the following general fact 
(inspired by |LS07| Proposition 4.23]), which might be of general interest. For this 
proposition and the lemmas used in its proof below, we fix a group extension 

A^T^Q^l. 

As a matter of convenience we shall assume that A <T and l is just the natural 
inclusion map. Note that F acts on A by conjugation, and this action descends to an 
action of Q on i7i(A;Z) and hence on Hii^A^Vp). We say that Q acts unipotently 
on i7i(A;Fp) if the image of the associated morphism Q — >• Aut(iJi(A; Fp)) is a 
p-group. 

Proposition 5.18. Suppose A is finitely generated, Q is finite and perfect, and 
\M[Q)\ is coprime to p. Suppose Q acts unipotently on Hi(A;¥p). Then F induces 
the pro-p topology on A. 

Here M{Q) = H2{Q; denotes the Schur multiplier of a finite group Q. This 
proposition applies to extensions of Q = SL(2,Fp): if the Sylow p-subgroups of a 
finite group Q are cyclic for p > 2 and each Sylow 2-subgroup of Q is a generalized 
quaternion 2-group, then M{Q) 1 jSu82| Section 2.9]. This holds for Q = 
SL(2,Fp), for every p (cf. jSu82[ Section 3.6]). Also recaU that if p > 3 then the 
only proper normal subgroup of SL(2,Fp) is its center, hence SL(2,Fp) is perfect. 

Before we give the proof of this proposition in general, we first show two special 
cases. In the lemmas below, we assume that Q is finite and perfect, and \M{Q)\ is 
coprime to p. 

Lemma 5.19. Suppose A is a p-group and A < Z{T). Then F induces the pro-p 
topology on A. 

Proof. Wc need to show that there exists a normal subgroup of F of p- 
powcr index with AO H = 1. We consider A as a trivial Q-modulc. Since Q is 
perfect, we have H'^{Q;A) = Hom(A/((5), A). Now A is a p-group and |M((5)| is 
not divisible by p, hence H'^{Q\A) ~ 0. Thus T = A y. Q, and this yields the 
existence of H as desired. □ 

Lemma 5.20. Suppose A is a p-group and Q acts unipotently on Hi{A;¥p). 
Then F induces the pro-p topology on A. 

Proof. Let F — s- Aut(A) be the morphism arising from the action of F on A, 
and let K be its kernel. Then Lemma 14.341 and the assumption that Q acts unipo- 
tently on Hi{A;¥p) shows that K has p-power index in F. The normal sub- 
group KA/A of Q has p-power index, hence equals Q since the latter group is 
perfect. Thus we have a central group extension 

I ^ Af] K ^ K ^ Q ^ I. 

By the previous lemma there exists a normal subgroup H oi K oi p-power index 
such that AOH = (AOK) OH = 1. Since F is finitely generated, after replacing H 
by its normal core in F we may achieve that H is normal in F. □ 
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Proof of Proposition 15.181 We have to show: for every normal p-power 
index subgroup B of A, there is a normal subgroup i7 of F of p-power index with 
HOA < B. By replacing B by its normal core in F we may reduce to the case that B 
is normal in F. We thus obtain a group extension l-^-A/S— s-F/B— J-Q— )-l where 
A/B is a finite p-group and Q acts unipotently on Hi{A/ B;¥p). By Lemma [5.201 
applied to this group extension there exists a p-power index subgroup H of T/ B 
with (A/B) n H = 1. Then the preimage H oi H under the natural surjection 
r ^ r/B has the desired property. □ 

With p e as in Proposition l5.13[ G and Go fit into a short exact sequence 

l^Go^G^Q = SL(2,Fp) ^ 1. 

In order to be able to apply our Proposition 15.181 we would need Q to act unipo- 
tently, and hence trivially, on iJi(G'o;Fp). However, this is not the case: 

Proposition 5.21. Let M be an orientable hyperbolic ^-manifold with non- 
empty boundary, and suppose Mq M be the cover corresponding to a surjective 
morphism 7ri(M) — >■ Q = SL(2,Fp), where p > 5. Then Q acts non-trivially on 

For the proof of this proposition we use the well-known fact (cf. |AM94| Chap- 
ter IV, Corollary 6.8] and |Sw60| ) that for odd p, the mod p cohomology ring of 
Q = SL(2,Fp) has the form 

H*{Q;¥p)^¥p[X,Y]/{Y^), 

equipped with the grading given by dcg{X) = p — 1, deg(y) = 2p — 3. Hence 

F"(Q;Fp) 



¥p if (p-l)|nor(p-l)|(n + l) 
otherwise. 



Proof of Proposition 15.211 We assume for a contradiction that Q acts 
trivially on Hi{Mo;¥p). We have 

H\Mo;¥p) = Hom(iJi(Mo),Fp) = Hi{Mo;¥p)* 

as Q-modules. Also, the natural morphism Hi{Mo;¥p) Hi{Mo,dMo;¥p) is a 
surjective morphism of Q-modules, hence Q acts trivially on Hi{Mq, OMq; ¥p) and 
thus, by Poincare-Lefschetz Duality, on iJ^(Afo;Fp). Therefore the Hochschild- 
Serre spectral sequence of the short exact sequence 

1 7ri(i\/o) 7ri(i\/) -^Q^l 

looks like 



H*iQ;W) 

H*{Q;V) W+i{AI-¥p) 
H*iQ;¥p) 

where both V = H^{Mo]¥p) and W = H'^{Mo]¥p) are trivial Q-modules. Using 
the description of H*{Q;¥p) above we now see that since p > 5, the Fp with the 
coordinates {k{p — 1) — 1, 0), fc > 1, in the bottom row of the second sheet E2 only 
get hit by the zero differentials, hence survive in Eoo, contradicting the fact that 
H* {M;¥p) is finite-dimensional. □ 
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This proposition shows that in order to successfully complete approach (2) to 
answering our question, i.e., to show that G induces the pro-p topology on Gi, 
one would have to use other methods than Proposition 15 . 1 8l As to approach (3), 
that is, to prove that _ffi(Gi;Z) is p-torsion free, it may be useful to again refine 
G ^ Gi, this time as 

G > 7^(G) > Gi. 
This leads to two subquestions, given TV as above. 

(1) Are there only finitely many p such that for the cover Nq ^ N corre- 
sponding to the natural group morphism G = 7ri(iV) Hi{N;¥p), the 
abelian group Hi(No', Z) has non-trivial p-torsion? 

(2) Arc there only finitely many p such that for the cover A^i — > N correspond- 
ing to the group morphism G — > SL(2,i?/m), Hi{Ni;'Z) has non-trivial 
p-torsion? 

Concerning subquestion (1): currently available technology allows one to extract 
information about the prime-to-p-torsion in the homology of abelian p-power covers 
from algebraic data associated to G, cf., e.g., }]V[S02| : however, little seems to be 
known about p-torsion in the homology of such covers. It is known that if M 
is a knot complement in and M — M is a p-power cyclic cover of M, then 
Hi{M; Z) has trivial p-torsion [Go78| . Moreover, by |SW02[ Theorem 5.11], if M 
is the complement of a 2-component link ^ = Zi U ^2 in and p does not divide the 
linking number of h and I2, then for every abelian p-power index cover M — > M 
of M, again ffi(M;Z) has only trivial p-torsion. This leads us to conjecture that 
at least for link complements, subquestion (1) has a positive answer. 

As to (2), we do not know the answer. We note that Reznikov [Re97[ Theo- 
rem 9.2] proved a result pointing to a negative answer; however his result only holds 
for certain covers of closed 3-manifolds: if M is a closed 3-manifold, and Mi — )■ M 
the cover corresponding to a surjective group morphism tti(M) — >■ SL(2,Fp) where 
p > 5, and 61 (M) = bi{AIi) = 0, then i7i(A/i;Z) has non-trivial p-torsion. 

5.4. The mod p homology graph 

In this final section we record another, potentially useful, application of our methods 
(Proposition 4 in the introduction): 

Proposition 5.22. Every closed orientable prime 3-manifold N has, for all 
but finitely many p, a finite cover N such that for every JSJ component Ny of N , 
the natural map Hi(Ny;¥p) — > Hi(N;¥p) is injective. 

The proof of this proposition involves a close examination of some of the argu- 
ments in Sections 13.41 and 14.31 

5.4.1. Definition of Hi{Q;¥p) and its basic properties. In this subsection 
we let G he a graph of finitely generated groups based on a graph and we let T 
be a maximal subtree of Y. We assume that for a given p, we have 

7f(a)n/e(Ge) =7f(/e(Ge)) tOY '^W 6 G E (Y) , V = t{e) . (5.1) 

Then the collection 72(^/) := {l2i^v)}i'&v(Y) of normal subgroups is compatible, 
and for each edge e of Y, the edge morphism /e : Ge Gy (where v ~ t{e)) induces 
an injective morphism 

ife),: HiiGe;¥p) ^ HiiGy;¥p). 
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We call the graph of groups G/"f2iG) tl^c mod p homology graph of G, and denote 
it by Hi(G;¥p). It has the same underlying graph Y as G, vertex and edge groups 
Hi{Gv;¥p) respectively Hi{Ge',Vp), and edge morphisms (/e)*- 

The fundamental groups of G and of Hi{G',¥p) have the same first mod p 
homology: the natural surjections Gy Hi{Gy;¥p) and Ge Hi{Ge;¥p) define 
a morphism G Hi^G^^p) of graphs of groups, hence yield a surjectivc morphism 

G ^ TTiiG) ^ MHi{G;Vp)) 

which induces an isomorphism in homology mod p, by the following lemma: 

Lemma 5.23. Let M be a trivial G-module, and let % = {Hy}y^v(Y) be a 
compatible collection of normal subgroups of G such that for each v e V(Y) and 
e S E(X), the natural surjections 

Gy — > Gy/Hy, Ge Ge/ fe ^(^t(e)) 

induce isomorphisms 

Hi{Gy-M) ^ Hi{Gy/Hy-M), Hi{Ge;M) A Hi{Ge/ f-\Ht^e)); M). 

Then the natural surjective morphism tti{G) t^i{G /'H) induces an isomorphism 

Hi{TTi{G);M) A Hi{^i{Gln);M). 

This is shown by an easy application of the five-lemma in combination with the 
Mayer- Vietoris sequence of 5, cf. Section [1. 2. 71 This fact together with the remark 
following Lemma [3.211 vields : 

Corollary 5.24. Suppose there exists a morphism iTi{Hi{G\¥p)) -^Y. to an 
elementary abelian p- group which is infective on the vertex groups of G- Then the 
natural inclusions Gy — > G yield infective morphisms _ffi(G„;Fp) — )■ i?i(G;Fp). 

5.4.2. Achieving injectivity of mod p homology. In this subsection we 
let G be any graph of finitely generated groups (based on a graph Y). 

Lemma 5.25. Suppose G satisfies (j5.ip . Then there exists a morphism of graphs 
of groups G ^ G of finite degree such that for each vertex v € V(Y), the natural 
inclusion Gjj — > G = T^iiG) yields an embedding Hi{Gv;¥p) — >■ Hi{G;¥p). 

Proof. Wc apply the same argument as in the proof of CoroUarv 13.341 with 
H = 72 (^)- We obtain a morphism tp: 7Ti{Y) — > A to a finite group, with corre- 
sponding unfolding G /H G/H G/H, and a morphism tti{G/'H) — >■ S to an 
elementary abelian p-group which is iiijective when restricted to each vertex group 

of G/T-l- Let 0: — > be the unfolding to G along ip. Since = 72(^)7 the 

graphs of groups G /'H and Hi{G',¥p) = (7/7^ (5) are naturally isomorphic, and by 
Lcmma ri.201 G also satisfies (|5.ip . Thus the previous corollary applies to G in place 
oiG- □ 

Similarly modifying the proof of Theorem 13.321 shows: 

Lemma 5.26. Suppose all edge groups of G are abelian p-torsion free, and sup- 
pose for some i >0, G admits a p- compatible filtration of level £. Then there exists a 
morphism G ^ G of graphs of groups such that the image of G = ■ki{G) in t^i{G) has 
finite index, and for each vertex v G V{Y), the natural inclusion Gy — > G = tti{G) 
yields an embedding Hi{Gy;¥p) Hi{G;¥p). 
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5. THE CASE OF GRAPH MANIFOLDS 



Proof. Let G be a p-compatible filtration of G of level £; then G is p-excellent. 
Arguing as in the proof of Tlieoreni l3.32[ we let ^: C/ — > be a morphism of graphs 
of groups obtained by applying Proposition 11.161 to the compatible collection of 
normal subgroups {G^^ijt, of G- Then the filtration G := 0"^(G) of G is complete; 
in fact, G is a central p-filtration of G- Now, in the proof of Theorem l3.32l we simply 
applied Lemma Fl-lQI to show that G intersects to a uniformly p-potent filtration on 
the image of each edge group of G under the edge morphisms. However, the some- 
what more complicated Lemma ll.21l shows that in our situation, these intersections 
are precisely the lower central p-filtrations of the images of the edge groups under 
the edge morphisms. By Lemma [4.21 the lower central p-filtration 7^(5) of G also 
has this property, i.e., G satisfies (|5.1|) . So may now apply Lemma 15.251 to G in 
place of G to complete the proof. □ 

5.4.3. Proof of Proposition 15.221 Let be a closed orientable prime 3- 
manifold N. Clearly we may assume that N has a non-trivial JSJ decomposition. 
As shown in Section 14.3.4.31 after replacing A^ by a finite cover if necessary, we 
may then reduce to the case that A^ is Seifert simple. Then, by Propositions 14.141 
and I4.18[ for all but finitely many p, each JSJ component of A^ admits a boundary 
compatible p- filtration of level 1, and so by the previous lemma, the proposition 
follows. □ 



Bibliography 



[AM94] A. Adem and R. J. Milgram, Cohomology of Finite Groups, Grundlehren der Math- 

ematischcn Wissenschaften, vol. 309, Springer- Verlag, Berlin, 1994. 

[AFll] M. Aschcnbrcnncr and S. Fricdl, Residual properties of graph manifold groups, Topol- 

ogy Appl. 158 (2011), 1179-1191. 

[B93] H. Bass, Covering theory for graphs of groups, J. Pure Appl. Algebra 89 (1993), no. 

1-2, 3-47. 

[BL94] H. Bass and A. Lubotzky, Linear- central filtrations on groups, in: W. Abikoff et al. 

(eds.). The Mathematical Legacy of Wilhelm Magnus: Groups, Geometry and Special 
Functions, pp. 45-98, Contemp. Math., vol. 169, Amer. Math. Soc, Providence, RI, 
1994. 

[Ba73] G. Baumslag, A finitely presented solvable group that is not residually finite. Math. 

Z. 133 (1973), 125-127. 

[Ba71] , Finitely generated cyclic extensions of free groups are residually finite. Bull. 

Austral. Math. Soc. 5 (1971), 87-94. 
[Ba63] , On the residual finiteness of generalised free products of nilpotent groups, 

Trans. Amer. Math. Soc. 106 (1963), 193-209. 

[Ba62] , On generalised free products, Math. Z. 78 (1962), 423-438. 

[Ba59] , Wreath products and p-groups, Proc. Cambridge Philos. Soc. 55 (1959), 

224-231. 

[BT78] B. Baumslag and M. TretkofT, Residually finite HNN extensions. Comm. Algebra 6 

(1978), no. 2, 179-194. 

[BR,91] J. C. Beidleman and D. J. S. Robinson, On the structure of the normal subgroups 

of a group: nilpotency. Forum Math. 3 (1991), no. 6, 581-593. 
[B107] I. Blomer, Towards the Atiyah Conjecture for Link Groups and their Extensions, 

PhD thesis, Georg-August-Universitat, Gottingen (2007). 
[BLS08] I. Blomer, P. A. Linnell, and T. Schick, Galois cohomology of completed link groups, 

Proc. Amor. Math. Soc. 136 (2008), no. 10, 3449-3459. 
[BS09] A. Borisov and M. Sapir, Polynomial maps over p-adics and residual properties of 

mapping tori of group endomorphisms. Int. Math. Res. Not. IMRN 2009, no. 16, 

3002-3015. 

[BS05] , Polynomial maps over finite fields and residual finiteness of mapping tori 

of group endomorphisms. Invent. Math. 160 (2005), no. 2, 341-356. 
[Bou81] N. Bourbaki, Elements de Mathematique. Algebre. Chapitres 4 a 7, Lecture Notes 

in Mathematics, vol. 864, Masson, Paris, 1981. 

[Bou64] , Elements de Mathematique. Algebre Commutative, Hermann, Paris, 1964. 

[BRW05] S. Boyer, D. Rolfsen, and B. Wiest, Orderable 3-manifold groups, Ann. Inst. Fourier 

(Grenoble) 55 (2005), no. 1, 243-288. 
[Bra86] R. Brandl, Integer polynomials that are reducible modulo all primes, Amer. Math. 

Monthly 93 (1986), no. 4, 286-288. 
[Br93] M. Brin, Seifert fibered spaces, course notes, available online at 

|http : //www . math . bingherniton . edu/matt/ (1993) . 
[Bu70] J. T. Buckley, Polynomial functions and wreath products, Illinois J. Math. 14 (1970), 

274-282. 

[CM05] P. J. Cameron and T. W. Miiller, A descent principle in modular subgroup arith- 

metic, J. Pure Appl. Algebra 203 (2005), no. 1-3, 189-203. 

[Cha94] Z. Chatzidakis, Some remarks on profinite HNN extensions, Israel J. Math. 85 
(1994), no. 1-3, 11-18. 

93 



94 

[CFOO] 
[Chi76] 
[Co89] 

[Co77] 
[CCLP] 
[CMP] 
[CR72] 

[CS83] 
[DdSMS99] 

[vdDrQO] 

[vdDS84] 
[DS05] 
[Er04] 
[FAKRS08] 

[FVlla] 

[FVllb] 
[FVllc] 

[Go78] 

[GTZ88] 

[Go64] 

[Gri89] 

[Gri85] 

[GM93] 

[Gro66] 



BIBLIOGRAPHY 



G. Cherlin and U. Feigner, Homogeneous finite groups, J. London Math. Soc. (2) 62 
(2000), no. 3, 784-794. 

I. M. Chiswell, Exact sequences associated with a graph of groups, J. Pure Appl. 
Algebra 8 (1976), no. 1, 63-74. 

D. E. Cohen, Combinatorial Group Theory: A Topological Approach, London Math- 
ematical Society Student Texts, vol. 14, Cambridge University Press, Cambridge, 
1989. 

, Residual finiteness and Britton's lemma, J. London Math. Soc. (2) 16 

(1977), no. 2, 232-234. 

F. Cohen, M. Conder, J. Lopez, and S. Prassidis, Remarks concerning Lubotzky's 
filtration, Q. J. Pure Appl. Math. 8 (2012), no. 1, 79-106. 

F. Cohen, V. Metaftsis, and S. Prassidis, On the linearity of the holomorph group 
of a free group on two generators, preprint (2009). 

P. E. Conner and F. Raymond, Manifolds with few periodic homeomorphisms, in: 

H. T. Ku et al. (eds.). Proceedings of the Second Conference on Compact Transfor- 
mation Groups {Univ. Massachusetts, Amherst, Mass,, 1971), Part II, pp. 1-75, 
Lecture Notes in Math., vol. 299, Springer- Verlag, Berlin, 1972. 

M. Culler and P. Shalen, Varieties of group representations and splittings of 3- 
manifolds, Ann. of Math. (2) 117 (1983), no. 1, 109-146. 

J. D. Dixon, M. P. F. du Sautoy, A. Mann, and D. Segal, Analytic Pro-p Groups, 
2nd ed., Cambridge Studies in Advanced Mathematics, vol. 61, Cambridge University 
Press, Cambridge, 1999. 

L. van den Dries, Big Cohen- Macaulay modules in equal characteristic 0, London 
Mathematical Society Lecture Note Series, vol. 145, ch. 12, pp. 221—284, Cambridge 
University Press, Cambridge, 1990. 

L. van den Dries and K. Schmidt, Bounds in the theory of polynomial rings over 
fields. Invent, math. 76 (1984), 77-91. 

C. Dru^u, M. Sapir, Non-linear residually finite groups, J. Algebra 284 (2005), no. 

I. 174-178. 

A. Erschler, Not residually finite groups of intermediate growth, commensurability 
and non-geometricity, J. Algebra 272 (2004), no. 1, 154-172. 

G. A. Fernandez- Alcober, I. V. Kazachkov, V. N. Remeslennikov, and P. Symonds, 
Comparison of the discrete and continuous cohomology groups of a pro-p group, St. 
Petersburg Math. J. 19 (2008), 961-973. 

S. Friedl and S. Vidussi, Twisted Alexander polynomials and fibered 3-manifolds, 
in: M. Usher (ed.). Low- Dimensional and Symplectic Topology, Proceedings of Sym- 
posia in Pure Mathematics, vol. 82, pp. 111-130, American Mathematical Society, 
Providence, RI, 2011. 

, Twisted Alexander polynomials detect fibered 3-manifolds, Ann. of Math. 

(2) 173 (2011), no. 3, 1587-1643. 

, Symplectic i-manifolds with K = f) and the Lubotzky alternative. Math. 

Res. Lett. 18 (2011), no. 3, 513-519. 

C. McA. Gordon, Some aspects of classical knot theory, in: J.-C. Hausmann (ed.). 
Knot Theory, Lecture Notes in Mathematics, vol. 685, pp. 1—60, Springer- Verlag, 
Berlin-New York, 1978. 

P. Gianni, B. Trager, and G. Zacharias, Grobner bases and primary decomposition 
of polynomial ideals, J. Symbolic Comput. 6 (1988), no. 2-3, 149—167. 

E. S. Golod, On nil-algebras and finitely approximable p-groups, Izv. Akad. Nauk 
SSSR Ser. Mat. 28 (1964), 273-276. 

R. I. Grigorchuk, On the Hilbert-Poincare series of graded algebras that are associ- 
ated with groups. Mat. Sb. 180 (1989), no. 2, 207-225. 

, Degrees of growth of p-groups and torsion free groups, Math. USSR-Sb. 54 

(1986), no. 1, 185-205. 

R. I. Grigorchuk and A. Maki, On a group of intermediate growth that acts on a 

line by homeomorphisms. Math. Notes 53 (1993), no. 1-2, 146-157. 

A. Grothendieck, Elements de geometric algebrique. IV. Etude locale des schemas 

et des morphismes de schemas. III, Inst. Hautes Etudes Sci. Publ. Math. No. 28, 

1966. 



BIBLIOGRAPHY 



95 



[Gro65] , Elements de geometrie algebrique. IV. Etude locale des schemas et des 

morphismes de schemas. II, Inst. Hautes Etudes Sci. Publ. Math. No. 24, 1965. 

[Gru57] K. W. Gruenberg, Residual properties of infinite soluble groups, Proc. London Math. 

Soc. (3) 7 (1957), 29-62. 

[GS79] F. Grunewald, D. Segal, Remarks on injective specializations, J. Algebra 61 (1979), 

no. 2, 538-547. 

[HamOl] E. Hamilton, Abelian subgroup separability of Haken 3-manifolds and closed hyper- 
bolic n-orbifolds, Proc. London Math. Soc. 83 (2001), no. 3, 626-646. 

[dlHOO] P. de la Harpo, Topics in Geometric Group Theory, Chicago Lectures in Mathemat- 

ics, University of Chicago Press, Chicago, IL, 2000. 

[Hem87] J. Hempel, Residual finiteness for 3-manifolds, in: S. M. Gersten and J. R. Stallings 
(cds.), Combinatorial Group Theory and Topology {Alta, Utah, 1984), PP- 379-396, 
Ann. of Math. Stud., no. Ill, Princeton Univ. Press, Princeton, NJ, 1987. 

[Hem76] , 3-Manifolds, Ann. of Math. Stud., no. 86, Princeton Univ. Press, Princeton, 

NJ, 1976. 

[Her26] G. Hermann, Die Frage der endlich vielen Schritte in der Theorie der Polynom- 

ideale. Math. Ann. 95 (1926), 736-788. 
[Hig51] G. Higman, A finitely related group with an isomorphic proper factor group, J. 

London Math. Soc. 26 (1951), 59-61. 
[Hig64] , Amalgams of p-groups, J. Algebra 1 (1964), 301-305. 

[HMM05] J. Hillman, D. Matei, and M. Morishita, Pro-p link groups and p-homology groups, 

in: T. Kohno and M. Morishita (eds.). Primes and Knots, pp. 121-136, Contemp. 

Math., vol. 416, Amer. Math. Soc, Providence, RI, 2006. 
[HWIO] T. Hsu and D. T. Wise, Cubulating graphs of free groups with cyclic edge groups, 

Amer. J. Math. 132 (2010), no. 5, 1153-1188. 
[HB82] B. Huppert and N. Blackburn, Finite Groups, II, Grundlohren der Mathomatischen 

Wissenschaften, vol. 242, Springer- Verlag, Berlin-New York, 1982. 
[Je41] S. A. Jennings, The structure of the group ring of a p-group over a modular field. 

Trans. Amer. Math. Soc. 50 (1941), 175-185. 
[KM93] G. Kim and J. McCarron, On amalgamated free products of residually p-finite groups, 

J. Algebra 162 (1993), no. 1, 1-11. 
[Ki93] R. Kirby, Problems in low- dimensional topology, in: W. H. Kazez (ed.). Geometric 

Topology, pp. 35-473, AMS/IP Studies in Advanced Mathematics, vol. 2.2, American 

Mathematical Society, Providence, RI; International Press, Cambridge, MA, 1997. 
[Kobll] T. Koberda, Residual properties of fibered and hyperbolic 3-manifolds, preprint 

(2011). 

[KZ08] D. H. Kochloukova and P. A. Zalcsskii, Profinite and pro-p completions of Poincare 

duality groups of dimension 3, Trans. Amer. Math. Soc. 360 (2008), no. 4, 1927— 
1949. 

[Koj84] S. Kojima, Bounding finite groups acting on 3-manifolds, Math. Proc. Cambridge 

Philos. Soc. 96 (1984), no. 2, 269-281. 
[K0I88] J. KoUar, Sharp effective Nullstellensatz, J. Amer. Math. Soc. 1 (1988), 963-975. 

[Kra85] I. Kra, On lifting Kleinian groups to SL(2,C), in: I. Chavel and H. M. Farkas (eds.). 

Differential Geometry and Gomplex Analysis, pp. 181-193, Springer- Verlag, Berlin, 

1985. 

[KramOO] D. Krammer, The braid group B4 is linear. Invent. Math. 142 (2000), no. 3, 451-486. 
[Lab90] J. P. Labute, The Lie algebra associated to the lower central series of a link group 

and Murasugi's conjecture, Proc. Amer. Math. Soc. 109 (1990), no. 4, 951-956. 
[Lab70] , On the descending central series of groups with a single defining relation, 

J. Algebra 14 (1970), 16-23. 
[Lab67] , Algebres de Lie et pro-p-groupes definis par une seule relation, Invent. Math. 

4 (1967), 142-158. 

[Lac09] M. Lackenby, New lower bounds on subgroup growth and homology growth, Proc. 

London Math. Soc. (3) 98 (2009), 271-297. 
[Lan02] S. Lang, Algebra, revised 3rd ed.. Graduate Texts in Mathematics, vol. 211, Springcr- 

Verlag, New York, 2002. 

[Laz65] M. Lazard, Groupes analytiques p-adiques, Inst. Hautcs Etudes Sci. Publ. Math. no. 

26 (1965), 389-603. 



96 



BIBLIOGRAPHY 



[Laz54] , Sur les groupes nilpotents et les anneaux de Lie, Ann. Sci. Ecole Norm. Sup. 

(3) 71 (1954), 101-190. 

[LGMcK02] C. R. Leedham- Green and S. McKay, The Structure of Groups of Prime Power 
Order, London Mathematical Society Monographs, New Series, vol. 27, Oxford Uni- 
versity Press, Oxford, 2002. 

[Lei87] F. Leinen, An amalgamation theorem for soluble groups, Canad. Math. Bull. 30 

(1987), no. 1, 9-18. 

[Len73] J. C. Lennox, The Fitting- Gaschiitz- Hall relation in certain soluble by finite groups, 

J. Algebra 24 (1973), 219-225. 
[LS07] P. Linnell and T. Schick, Finite group extensions and the Atiyah conjecture, J. Amer. 

Math. Soc. 20 (2007), no. 4, 1003-1051 (electronic). 
[LN91] D. D. Long and G. A. Niblo, Subgroup separability and 3-manifold groups. Math. Z. 

207 (1991), no. 2, 209-215. 
[LR98] D. D. Long and A. W. Reid, Simple quotients of hyperbolic 3-manifold groups, Proc. 

Amer. Math. Soc. 126 (1998), no. 3, 877-880. 
[LolO] K. Lorensen, Groups with the same cohomology as their pro-p completions, J. Pure 

Appl. Algebra 214 (2010), no. 1, 6-14. 
[Lu83] A. Lubotzky, Group presentation, p-adic analytic groups and lattices in SL2(C), 

Ann. of Math. (2) 118 (1983), no. 1, 115-130. 
[Lu88] , A group theoretic characterization of linear groups, J. Algebra 113 (1988), 

no. 1, 207-214. 

[Lu80] , Normal automorphisms of free groups, J. Algebra 63 (1980), no. 2, 494-498. 

[LSe03] A. Lubotzky and D. Segal, Subgroup Growth, Progress in Mathematics, vol. 212, 

Birkhauser Verlag, Basel, 2003. 

[LSh94] A. Lubotzky and A. Shalev, On some A-analytic pro-p groups, Israel J. Math. 85 
(1994), no. 1-3, 307-337. 

[MR03] C. Maclachlan, A. Reid, The Arithmetic of Hyperbolic 3-Manifolds, Graduate Texts 

in Mathematics, vol. 219, Springer- Verlag, New York, 2003. 

[Mag73] W. Magnus, Noneuclidean Tesselations and their Groups, Pure and Applied Math- 
ematics, vol. 61, Academic Press, New York-London, 1974. 

[Mal40] A. I. Mal'cev, On the faithful representation of infinite groups by matrices. Mat. Sb. 

8 (50) (1940), 405-422. 

[Mar02] D. Marker, Model Theory, Graduate Texts in Mathematics, vol. 217, Springer- Verlag, 
New York, 2002. 

[MS02] D. Matei and A. Suciu, Hall invariants, homology of subgroups, and characteristic 

varieties, Int. Math. Res. Not. 2002, no. 9, 465-503. 

[Mat86] H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced Math- 
ematics, vol. 8, Cambridge University Press, Cambridge, 1986. 

[Mat80] , Commutative Algebra, 2nd ed.. Mathematics Lecture Note Series, vol. 56, 

Bcnjamin/Cummings Publishing Co., Inc., Reading, MA, 1980. 

[Mo07] D. I. Moldavanskii, On the residuality a finite p-group of HNN extensions, preprint 

(2007). 

[Neuk99] J. Ncukirch, Algebraic Number Theory, Grundlehren dor Mathcmatischcn Wis- 

senschaften, vol. 322, Springer- Verlag, Berlin, 1999. 
[Neum67] H. Neumann, Varieties of Groups, Ergcbnisse der Mathcmatik und ihrer Grenzge- 

biete, vol. 37, Springer- Verlag, Berlin-Heidclberg-New York, 1967. 
[Pa77] D. S. Passman, The Algebraic Structure of Group Rings, Pure and Applied Mathe- 

matics, Wiley-Interscience, New York-London-Sydney, 1977. 
[PS99] B. Perron and P. Shalen, Homeomorphic graph manifolds: A contribution to the fj, 

constant problem, Topology Appl. 99 (1999), no. 1, 1—39. 
[Ra87] J. G. Ratcliffe, Euler characteristics of 3-manifold groups and discrete subgroups of 

SL(2,C), J. Pure Appl. Algebra 44 (1987), no. 1-3, 303-314. 
[Re97] A. Reznikov, Three-manifolds class field theory {homology of coverings for a non- 

virtually bi-positive manifold), Selecta Math. (N.S.) 3 (1997), no. 3, 361-399. 
[Rh73] A. H. RhcmtuUa, Residually Fp-groups, for many primes p, are orderable, Proc. 

Amer. Math. Soc. 41 (1973), 31-33. 
[RZOO] L. Ribes and P. Zalesskii, Profinite Groups, Ergebnisse der Mathematik und ihrer 

Grenzgebiete, 3. Folge, vol. 40, Springer- Verlag, Berlin, 2000. 



BIBLIOGRAPHY 



97 



[RS90] J. H. Rubinstein and G. A. Swarup, On Scott's core theorem, Bull. London Math. 

Soc. 22 (1990), no. 5, 495-498. 
[Sa66] P. Samuel, A propos du theorems des unites, Bull. Sci. Math. 90 (1966), 89-96. 

[Sc73] G. P. Scott, Compact submanifolds of 3-manifolds, J. London Math. Soc. (2) 7 

(1973), 246-250. 

[SW79] P. Scott and T. Wall, Topological methods in group theory, in: C. T. C. Wall (ed.), 

Homological Group Theory (Proc. Sympos., Durham, 1977), pp. 137-203, London 
Math. Soc. Lecture Note Ser., vol. 36, Cambridge Univ. Press, Cambridge-New York, 
1979. 

[Sci74] A. Seidenberg, Constructions in algebra. Trans. Amer. Math. Soc. 197 (1974), 273- 

313. 

[Se97] J. -P. Serre, Galois Cohomology, Springer- Verlag, Berlin, 1997. 
[Se80] , Trees, Springer- Verlag, Berlin-New York, 1980. 

[Sh87] M. Shirvani, On residually finite graph products, J. Pure Appl. Algebra 49 (1987), 

no. 3, 281-282. 

[SW02] D. S. Silver and S. G. Williams, Torsion numbers of augmented groups with appli- 

cations to knots and links, Enscign. Math. (2) 48 (2002), no. 3-4, 317-343. 

[Sk50] A. L Skopin, The factor groups of an upper central series of free groups, Dokl. Akad. 

Nauk SSSR (N.S.) 74 (1950), 425-428. 

[St65] J. R. Stallings, Homology and central series of groups, J. Algebra 2 (1965), 170—181. 

[Su82] M. Suzuki, Group Theory, I, Grundlehren der Mathematischen Wissenschaften, vol. 

247, Springer- Verlag, Berlin-New York, 1982. 

[Sw60] R. G. Swan, The p-period of a finite group, Illinois J. Math. 4 (1960), 341-346. 

[Ta93] O. I. Tavgen', Amalgams of linear groups and the Artin-Rees property, Russian 

Acad. Sci. Dokl. Math. 47 (1993), no. 1, 45-49. 

[Th80] W. P. Thurston, The geometry and topology of three-manifolds, mimeographed notes, 

Princeton (1980). 

[Th82] , Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, 

Bull. Amer. Math. Soc. 6 (1982), no. 3, 357-381. 
[Ti72] J. Tits, Free subgroups in linear groups, J. Algebra 20 (1972), 250-270. 

[Va97] W. Vasconcelos, Flatness testing and torsionfree morphisms, J. Pure Appl. Algebra 

122 (1997), 313-321. 

[WM85] P. L. Waterman, C. Maclachlan, Fuchsian groups and algebraic number fields , Trans. 

Amer. Math. Soc. 287 (1985), no. 1, 353-364. 
[Woh73] B. A. F. Wehrfritz, Infinite Linear Groups, Ergebnisse der Mathematik und ihror 

Grenzgebiete, vol. 76, Springer- Verlag, New York-Heidelberg, 1973. 
[Wch73-2] B. A. F. Wehrfritz, Generalized free products of linear groups, Proc. London Math. 

Soc. (3) 27 (1973), 402-424. 
[Wci07] T. Weigel, On profinite groups with finite abelianizations , Selecta Math. (N.S.) 13 

(2007), no. 1, 175-181. 

[WilsZa98] J. S. Wilson and P. A. Zalesskii, Conjugacy separability of certain Bianchi groups 
and HNN extensions. Math. Proc. Cambridge Philos. Soc. 123 (1998), no. 2, 227- 
242. 

[WiltZalO] H. Wilton and P. A. Zalesskii, Profinite properties of graph manifolds, Geom. Dcd- 
icata 147 (2010), 29-45. 

[WiOO] D. T. Wise, Subgroup separability of graphs of free groups with cyclic edge groups, 

Q. J. Math. 51 (2000), no. 1, 107-129. 
[Zi05] B. Zimmermann, Lifting finite groups of outer automorphisms of free groups, surface 

groups and their abelianizations. Rend. Istit. Mat. Univ. Trieste 37 (2005), no. 1-2, 

273-282. 



Index 



3-manifold 

fibered, 2, 6, 79 

hyperbolic, 68, 86 

Seifert fibered, 69, 85 

Seifert simple, 72 
DP{G), 12 
LUG), 13 
L„(G), 9, 24 

7^(G?), 11 
7n(G), 10 
qj-efficient, 7 
UTi(n, /?), 63 
Gp , 83 

p-efficicnt, 7, 81, 86 
p-filtration, 11 

boundary compatible, 68 

dimensional, 12 

lower central, 11 

lower dimensional, 12 
p-group, 8, 44 

amalgam, 29 

embedding, 29 

strong embedding, 29 
amalgamated product, 2, 20 

Chatzidakis, 6, 40 
cohomologically p-complete, 84 
cohomologically complete, 84 
compatible collection of subgroups, 22 
congruence subgroup, 65 
constructible, 75 
countcrmap, 33 

dimension subgroup, 12 

factor amalgam, 36 
filtration, 5, 9 

p-compatiblc, 61 

p-excellent, 43, 57, 82 

p-filtration, 11 

p-potent, 16 

central, 10 

chief, 12 

complete, 9 



completion, 17 

equivalent, 10 

essential length, 38 

induced, 10 

intersection, 9 

layer, 9 

length, 10 

lower central, 10 

lower central p-filtration, 11 

normal, 9 

of a graph of groups, 24 
refinement, 10 

separates the edge groups, 25 
separating, 10, 25 
stretching, 10, 38 
strongly p-potent, 16 
strongly central, 11 
uniformly p-potont, 16 

graph, 18 

mod p homology, 6, 90 

of based CW-complexcs, 20 

of groups, 6, 19 

of subgroups, 22 

orientation, 18 

oriented, 18 

underlying a graph of groups, 19 
graph manifold, 7, 81 
graph of based CW-complexes, 20 
graph of groups, 6, 19 

p-efficient, 82 

fiber sum of, 50 

fundamental group, 19 

path group, 19 
graph of pro-p groups 

pro-p fundamental group, 83 

proper, 83 
Grigorchuk, 6 
group 

p-adic analytic, 17, 87 

filtered, 9 

Fuchsian, 71 

good, 85 

homogeneous, 45, 58 



99 



100 



INDEX 



Kleinian, 65, 69 
linear, 2, 4, 63 
residually qj, 1, 43, 45 
residually p, 1 
residually finite, 1 
residually solvable, 2 
unipotent, 63 
verbal, 48 
virtually qj, 2 
virtually residually p, 2 
with property u, 4 
group algebra, 31 

Hempel, 1, 2, 45 
Higman, 6, 29 

HNN extension, 2, 6, 20, 40, 56 

JSJ decomposition, 2, 5, 72 

lower p-length, 12 
Lubotzky, 4, 87 

Mal'cev, 2 
mapping torus, 79 
morphism 

of filtered groups, 9 

of finite degree, 21 

of graphs, 18 

of graphs of groups, 21 

partial abelianization, 6, 51 
partial automorphism, 40 
path group, 19 
Perelman, 1 
Perron, 7 

pro-p completion, 17, 83 

retract, 13 
ring 

regular, 64, 73 

unramified local, 64, 73 
root property, 44, 51 

Shalen, 7 
stretching, 10, 38 
subamalgam, 36 
subgraph, 18 

subgraph of subgroups, 22 
surface group, 70, 79 

Thurston, 4, 6, 69 
topological edge, 18 
topology 

pro-qj, 7, 46 

pro-p, 7, 83, 87 
tree, 18 

unfolding, 6, 54 



wreath product, 32 
standard embedding 

Zalesskii, 7 



Wilton, 7 
Wise, 63 



